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Advances in the instrumented indentation equipment and the need to assess the 
properties of materials of small volume such as those constitute the micro-electro-
mechanical devices, micro-electronic packages, and thin films have propelled the 
interest in material characterization via indentation tests.  The mechanical properties 
of indented material can be interpreted from load-displacement curves by reverse 
analysis.  However, the analytical solution is not readily available due to the 
complexity of contact problem and highly nonlinear material involved in indentation 
test.  In this study, a reverse analysis using neural network approach to characterize 
material properties based on indentation test results is established.   
 
The proposed material characterization process comprises two frameworks: (i) the 
forward analysis to construct the database relationship between material properties 
and related characteristics of load-indentation curves; and (ii) the reverse analysis to 
extract material properties from indentation curves by neural network approach.  In 
the forward analysis, extensive 2D and 3D finite element analyses with allowance for 
friction are carried out to simulate indentation tests.  Simulated conical, spherical and 
three-sided pyramidal indentation tests encompassing a wide range of elasto-plastic 
materials obeying the power-law strain hardening have been conducted and the 
database established for reverse analysis.  Two neural network models, namely, the 
Artificial Neural Network (ANN) representing the Empirical Risk Minimization 
(ERM) and the Least Square Support Vector Machine (LS-SVM) involving Structural 
Risk Minimization (SRM) approach are adopted in the study.    The proposed neural 
network models provide a direct mapping of the characteristics of indentation curves 
Summary 
vi 
and the elasto-plastic material properties, thereby avoiding an iterative procedure.  
The tuned networks are able to predict accurately the mechanical properties of a new 
set of materials.  
 
The proposed neural network models based on various combinations of conical, 
spherical and Berkovich indentation tests may be used for reverse analysis.  However, 
a combination of sharp indenter datasets may not provide unique solutions for certain 
material properties.  The adopted combination should comprise at least a component 
those of spherical tests.  The latter always provides a distinct set of load-indentation 
curves when the material properties are different and consequently when used with 
any other set always provide a unique set of practically accurate solutions. Further 
verifications have shown that the proposed ANN and SVM algorithms are able to 
characterize any metallic materials of small volume including those considered 
undistinguishable by other researchers. The proposed approach has a great potential to 
be extended for the applications on the characterization of a small volume of materials 
including those in nano-electro-mechanical systems (NEMS) provided that size effect 
is incorporated in the analysis. In this study, spherical nanoindentation experiments 
are performed on copper and Al6061. The experimental results demonstrate a strong 
size effect for both materials. The proposed axisymmetric finite element incorporating 
conventional mechanism-based strain gradient (CMSG) theory is able to capture the 
size effects. The approach may be adopted to establish the values of inherent material 
length scale that are essential for the study on the behaviour of materials of small 
volume such as those in thin film or MEMS and NEMS. 
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CHAPTER 1 INTRODUCTION 
The need to acquire material properties on small volumes, such as thin films, 
nanostructures and soft tissues has motivated the research works in material 
characterization by indentation tests. The tests have also been used as an alternative 
method to characterize material properties especially for those cases involving brittle 
materials with an unstable crack growth. Indentation tests are suitable for 
characterizing these materials as compared to traditional tests as the former does not 
require a “bulk” quantity of the materials and the mechanical properties of materials 
in small quantities are usually different from those in bulk.  
 
In an indentation test, typically a diamond indenter tip is pressed continuously into the 
sample until a certain maximum load is reached and then it is followed by the 
unloading process.  Load and displacement are measured continuously during the two 
stages.  It is not only the hardness of the indented material (Tabor, 1951) that is of 
interest to material scientists, but indentation tests can also be used to extract other 
mechanical properties of materials such as Young’s modulus, E, yield strength, Y, and 
strain hardening exponent, n. Methods and algorithms to extract these mechanical 
properties from indentation curves of elasto-plastic material obeying power law strain 
hardening have been one of the main focus research interest on instrumented 
indentation.  
 
The extraction of mechanical properties from indentation curves is difficult because 
the indentation test involves complicated triaxial stress state and the complexity of 
contact problem as well as the highly nonlinearity of materials. Analytical solutions 
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for indentation results are not readily available. The indentation test can only provide 
the relationship between the applied load and the penetration depth. Reverse analysis 
is therefore required to convert the indentation results into the corresponding material 
properties. Several researchers (Doerner and Nix, 1986; Dao et al., 2001; Chollacoop 
et al., 2003; Cheng and Cheng, 2004; Chen et al., 2006) have proposed different 
reverse analysis methods for deducing material properties from indentation curves.  
 
The reverse analysis of indentation load-displacement data is further complicated by 
the presence of friction and size effect. Most reverse analysis methods resort to finite 
element simulations where, for simplicity, the effect of friction at contact surfaces 
between indenter tip and specimen has been neglected. Indentation load-displacement 
may deviate due to friction and the predicted material properties from reverse analysis 
will be affected. Therefore, the validity of this simplification is required. The presence 
of size effect in reverse analysis may also contribute to deviations of the predicted 
material properties. The strength of material is observed to increase significantly with 
decreasing indentation depth when indentation tests are conducted in the order of 
several nanometers up to several microns. 
 
Reverse analysis of indentation load-displacement curve is still under intensive 
development. Several reverse analysis methods have been proposed based on certain 
assumptions that may only be valid for a specific case. Hence, it is important to 
understand the principles underlying the reverse analysis methods. A brief review on 
several reverse analysis algorithms and fundamental issues on friction and size effect 
in indentation tests will be presented in the following section. 
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1.1 Review of Material Characterization Methods 
Once a complete indentation load-displacement has been collected from instrumented 
indentation test, several methods relating the load-displacement to material properties 
can be used to extract the properties of indented materials. Different reverse analysis 
methods have been proposed based on different assumptions, approaches and 
simplifications.  
 
Tabor (1951) measured the hardness of indented materials based on the results from 
spherical indentation tests. The impression of indenter tip on the sample is measured 
and the hardness is defined as the maximum indentation load, Pmax, divided by the 
area of residual. However, it is difficult to identify the boundary and the diameter of 
impression. Indentation tests can be used to measure not only hardness of materials 
but they can also be used to probe other mechanical properties of elasto-plastic 
materials such as Young’s modulus, E, and the plastic properties of materials such as 
yield strength, Y, and strain hardening exponent, n. Several methods have been 
proposed to extract these elasto-plastic properties.  
 
Doerner and Nix (1986) proposed a method to identify the elastic Young’s modulus 
from instrumented depth-sensing indentation tests. They found that the slope of 
unloading curve is linear, which can be used to describe the elastic Young’s modulus.  
However, Oliver and Pharr (1992) discovered that the slope of unloading curve is not 
linear even at the initial stages, contradicting Doerner and Nix’s finding. They 
proposed that the unloading loading curve is more appropriately described by power 
laws. However, the Oliver and Pharr method does not consider the effect of pile-up 
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and sink-in for calculating the contact area of indentation. Consequently, there exits a 
range of deviations between real and predicted values of hardness.    
 
Giannakopoulos and Suresh (1999) proposed a procedure to determine not only the 
elastic Young’s modulus but also the plastic properties based on reverse analysis of 
three dimensional finite element simulations. They also discussed the effect of pile-up 
and sink-in of materials observed in indentation tests. Due to the pile-up or sink-in 
phenomena, large differences on measurement of true contact area and the apparent 
contact area may arise. Finally, these differences may cause a significant error to the 
hardness of indented material.    
 
Using scaling and dimensional analysis, Cheng and Cheng (1998) studied the 
relationship between elasto-plastic material properties  (E, Y, n) and indentation load-
displacement parameters based on large deformation FEM computations. Based on 
dimensional analysis, a set of universal dimensionless functions to relate the 
indentation load-displacement curve with the elasto-plastic material properties were 
derived. Dao et al. (2001) proposed forward and reverse analysis schemes to extract 
elasto-plastic material properties from indentation curves. The schemes were then 
extended by Bucaille et al. (2003) and Chollacoop et al. (2003) for dual indenter tips.  
 
The relationship between the indentation load (P), displacement (δ), elasto-plastic 
properties (E, Y, n) and indenter angle (α), in elastic-perfectly plastic solids using 
conical indenter, during loading stage as shown in the following expression (Cheng 
and Cheng, 1998),  
( )2 / , , ,P Eh Y E v nα θ= Π  
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It is widely reported that the Poisson ratio,v , is a minor factor and typically about 0.3. 
For a given indenter tip, θ , the dimensionless function of αΠ  which is the normalized 
indentation loading curvature, depends only on the material parameters (Y/E, n) of the 
bulk specimen. The dimensionless function can be numerically derived from 
extensive finite element simulations. This process is commonly referred to as the 
forward analysis. To obtain the elasto-plastic material properties (Y/E, n), a reverse 
analysis algorithm must be established. Several reverse analysis algorithms such as, 
Oliver and Pharr method (Oliver and Pharr, 1992), a representative strain method 
(Dao et al., 2001; Ogasawara et al., 2005, 2006), neural network approach (Huber and 
Tsakmakis, 1999; Huber et al., 2000; Tho et al., 2004a; Swaddiwudhipong et al., 
2005b) have been proposed.         
 
A representative strain was introduced by Atkins and Tabor (1965) to reduce the 
number of unknown variables in the dimensionless function αΠ . By selecting an 
appropriate strain, the dimensionless function will be independent of strain hardening 
exponent value, n. This approach was extended by Dao et al. (2001) for conical 
indentation. The concept of representative has later been generalized by Ogasawara et 
al. (2005, 2006). Although they used the same concept, different definitions of 
representative strain are employed in their reverse analysis algorithms. Cao and Lu 
(2004) have extended the concept of representative strain from conical indentation to 
spherical indentation. Zhao et al. (2006b) modified Cao and Lu’s approach by 
defining the new representative strain and extending the range of material properties. 
However, the representative strain concept may have several disadvantages. It is 
difficult to choose a suitable representative strain. Moreover, the dimensionless 
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function is not totally independent of the strain hardening exponent (Zhao et al., 
2006b).      
 
The solution of reverse analysis, which is the elasto-plastic properties of indented 
materials, depends on how the dimensionless function described earlier can be solved. 
Owing to highly nonlinearities of dimensionless functions, solving these functions 
manually may not be possible and efficient. Therefore, there is a need to find an 
appropriate approach to solve these complex functions.  
 
Neural network models have been widely applied to solve any reverse analyses 
involving complicated functions including those of indentation tests. They have 
capabilities to mimic the method of computation adopted by human brain. Neural 
networks models constructed through the statistical learning theory are well suited for  
material characterization and, therefore, they are adopted by several researchers 
(Huber and Tsakmakis, 1999; Huber et al., 2000; Huber and Tioulioukovski, 2002; 
Muliana et al., 2002; Tho et al., 2004a; Swaddiwudhipong et al., 2005b; Haj-Ali et al., 
2008) to characterize material properties by instrumented indentation tests. 
 
Most reverse analysis methodologies described earlier adopt, for the sake of 
simplification, a smooth contact analysis. Limited studies have been performed to 
investigate the possibility of deviation due to this simplification. Although this 
simplification may be acceptable for some cases, it is important to have some 
understanding of the effects of friction for those cases in which friction is an 
important parameter. If indentation curves are affected by the presence of friction, the 
material properties obtained from these curves will be inaccurate. Incorporating the 
effect of friction into finite element analysis is expected to improve the measurement 
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of mechanical properties of material for those cases in which friction governs.  In 
indentation tests, the effect of friction is minimized by using sharper indenters and 
lubricants. Some researchers (Cai, 1993; Bucaille et al., 2003) believed that 
indentation data obtained from the indenter with a half-angle greater than 600 can be 
directly used without considering the effect of friction in the analyses. Mata and 
Alcala (2004) argued that the application of lubricant in indentation tests cannot 
significantly reduce friction between the indenter and the specimen surface. 
Therefore, the effect of friction on the results of indentation tests is still inconclusive.  
 
The advent of the high precision instrumented indentation test equipment enables the 
characterization of materials at a small scale down to the submicron level. However, 
remarkable size effects have been observed at this level. Materials deformed non-
uniformly into the plastic range have shown remarkable strengthening effects when 
the material length scale and deformation length scale are of the same order from 
about a fraction of a micron to tens of microns.  Twisting of copper wires of micron 
diameters (Fleck and Hutchinson, 1993), fracture toughness test (Elssner et al., 1994), 
micro-bend tests (Haque and Saif, 2003) including micro and nano indentation tests 
performed by Nix (1989) and indentation tests conducted by Stelmashenko and his 
co-workers (1993) have thus confirmed the presence of the strong size effect.  At this 
length scale, the effects of strain gradient plasticity are pronounced and contributed 
directly to the materials strength. This phenomenon cannot be figured out by 
conventional plasticity theories because no material length scale is incorporated in the 
constitutive equation. 
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The incorporation of material length scale into the constitutive equation has been 
explored by several researchers (Fleck et al., 1994, Gao et al., 1999, Huang et al., 
2000). Fleck et al. (1994) introduced the theory of strain gradient plasticity requiring 
the C1 finite elements or additional higher-order stress and finally leading to greater 
formulation and computational efforts. Gao et al. (1999) and Huang et al. (2000) 
proposed the mechanism-based strain gradient (MSG) plasticity guided by the Taylor 
dislocation concept.  MSG requires significantly greater formulation and 
computational efforts mainly because higher-order stress components, additional 
governing equations and boundary conditions are required. Huang et al. (2000) 
proposed the conventional mechanism-based strain gradient (CMSG) plasticity theory 
confining the strain gradient plasticity in the material constitutive equation without 
involving the higher-order stress components. By adopting this approach, only C0 
continuity is required in the finite element formulation. The model was later adopted 
by Swaddiwudhipong and his co-authors (2005a; 2006c) to establish solid and 
axisymmetic elements to simulate Berkovich and conical indentation tests at micron 
and submicron levels.  
 
The indentation size effect (ISE) in spherical indentation tests has been studied 
extensively (Lim et al., 1998; Lim and Chaudhri, 1999b; Swadener et al., 2002a; 
Spary et al., 2006; Durst et al., 2008). Lim et al. (1998) have observed a size effect for 
spherical indentation depending on the tip radius. Indentation conducted with a small 
radius spherical indenter tip demonstrates a stronger size effect. The ISE in spherical 
indentation tests has been successfully modeled by Nix/Gao approach based on the 
Taylor dislocation model. By using this approach, Tho (2005) implemented the strain 
gradient plasticity model to study size effect for Berkovich indentation tests on 
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Al7075 and copper. Both materials showed significant size effects observed in 
experimental tests. The results from a numerical model adopting strain gradient 
plasticity for solid elements and experimental data were in good agreement. However, 
so far, relatively few detailed studies in spherical indentation tests for Al7075 and 
copper can be found.  The ISE study in spherical indentation tests still remains a 
challenge to be explored by researchers who are involved in material characterization 
by instrumented indentation tests. 
 
1.2 Objectives and Scope of Study  
The objectives of this study are    
(i) to assess effect of friction in material characterization based on the 
indentation load-displacement curves  
(ii) to seek appropriate reverse analysis algorithms based on neural network 
model 
(iii) to study various phenomenological causes on material properties with size 
effect 
(iv) to compare the indentation experimental results with numerical results   
 
In order to achieve the stated objectives, extensive 2D and 3D large deformation finite 
element simulations for conical, three-sided pyramidal and spherical indenter tips are 
carried out to investigate the response of elasto-plastic materials obeying power law-
strain hardening. Conical indenter tips with different half angles of 500, 600 and 70.30, 
three-sided pyramidal indenter tips with total angles of 102.80, 1230 and 142.30 and 
spherical with different radii of 6.05, 10 and 22 microns are adopted in the study. This 
study covers the wide practical ranges of elasto-plastic material properties of E*/Y 
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from 10 to 1500 and n from 0.025 to 0.6. These material properties encompass most if 
not all metallic materials obeying power law strain-hardening. Both indentation 
analyses with and without friction are conducted to study the effect of friction on 
indentation curve parameters. The results from this study may be of considerable 
importance since the indentation curve parameters are used to serve as inputs for 
reverse analysis. Hence, the neglect of friction in numerical analysis could have a 
considerable impact on the predicted material properties. The study on the effect of 
friction should provide useful information in reverse analysis using various sharp 
indenter tips and different types of indented materials. 
 
In order to predict the properties of elasto-plastic material based on indentation load-
displacement curve, two neural network models are utilized to carry out the reverse 
analysis. Artificial neural network (ANN) and support vector machine (SVM) are 
considered. Neural network models are constructed for different combinations of 
indenter tips based on dual indenters technique. The reverse algorithm using neural 
network approach could be used as an alternative method to extract material 
properties from indentation tests without resorting to iterative procedure as direct 
mapping between the characteristics of load-indentation curves and the mechanical 
properties is made possible by the proposed model. The approach has great potential 
for the applications on the characterization of a small volume of materials in micro- 
and nano-electromechanical systems (MEMS & NEMS).     
 
Indentation tests conducted on a small volume of materials usually show a stronger 
size effect. This phenomenon cannot be captured by the classical plasticity theory 
because there is no material length scale in the constitutive equation. To demonstrate 
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the capability of CMSG to capture the indentation size effect, nanoindentation 
experiments using spherical tips will be conducted. The indentation experiments will 
be conducted on Al7075 and copper. A numerical model adopting the axisymmetric 
elements model established earlier by Swaddiwudhipong et al. (2006c) is used to 
verify the CMSG theory with experimental data. Indentation size effect study 
enhances our understanding on the dependency of material mechanical properties on 
the size of the structure, which is often referred to as material length scale. By 
incorporating this material length scale into the constitutive equation, material 
behaviour can be more accurately described.  
 
1.3 Organization of Thesis 
This chapter has introduced a brief review on methods used for characterizing 
materials by instrumented indentation tests and provided the study’s objectives.     
 
Chapter 2 reviews the results from previous studies and highlights the relevant 
information that would be used in the study. Effect of friction and size effect, the 
fundamental issues in indentation studies, are elaborated. The methodology of neural 
network is also presented in this chapter.     
 
Chapter 3 describes the indentation finite element model adopted to establish 
indentation database for reverse analysis. This chapter explains several simplifications 
and assumptions used in modelling indentation tests for various materials. 
Verifications of the results obtained from finite element analysis with the 
experimental data are reported in the end of chapter.     
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Chapter 4 presents characteristics of load-indentation curves for sharp indenter tips 
and focuses on the 1st objective, which is to study effect of friction in material 
characterization via indentation tests.   
 
Chapter 5 and 6 present the implementation of neural network models for interpreting 
material properties from conical and Berkovich load-displacement indentation curves 
and those of spherical indenter tips respectively. Chapter 5 provides neural network 
models established from different combinations of conical and Berkovich datasets. 
Chapter 6 discusses different combinations of spherical indentation datasets and a 
crossing combination of Berkovich and spherical indentation datasets.  
 
Chapter 7 addresses the issue of size effect from both numerical and experimental 
point of views. Comparisons between experimental data and numerical results 
incorporating conventional mechanism-based strain gradient plasticity theory are 
presented.  
 
Chapter 8 summarizes all the findings of this study and proposes future studies in this 
field of research.  
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CHAPTER 2 LITERATURE REVIEW 
This chapter covers several methods used to deduce the elasto-plastic material 
properties from indentation tests including simplifications and assumptions adopted to 
derive the methods. This chapter also highlights some controversial issues on friction 
and reviews the size effect phenomenon in material characterization. At the end of 
this chapter, classical mechanism-based plasticity theory (CMSG) is introduced. This 
theory is implemented in numerical studies in order to verify the experimental results 
on size effect.  
 
2.1 Material Characterization Based on Indentation Tests 
Indentation test is widely used to characterize materials based on load-indentation 
response. Indentation test was initially used to measure the hardness of solids (Tabor, 
1951). Hardness is defined as the ratio between load, P and projected contact area, A. 
During the indentation test, an indenter tip penetrates normally into the specimen and 
load and displacement are recorded continuously during loading and unloading stages. 
Conventional indentation hardness tests require the size of a residual plastic 
impression in order to calculate the area of contact. However, the size of a residual 
plastic is often only a few microns and hence it is difficult to measure the impressed 
area from optical devices. The measured hardness values depend largely upon the 
analysis procedure used.  
  
2.1.1 Oliver and Pharr Method 
A complete nanoindentation data analysis was first introduced by Doener and Nix 
(1986).  They suggested that the unloading stiffness could be computed from a 
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linear fit of the unloading curve if the change in contact area is relatively small 








Figure 2.1 Schematic drawing of the Doener and Nix method 
 
An extrapolation of the slope from unloading curve at maximum load, Pmax, to 
displacement axis yields the contact depth of indentation, hc. To find the hardness 
of material, H, the indentation area is needed. The projected contact area at the 
maximum load is measured.  A contact area, Ac, can be generated for a known 
indenter tip geometry. The contact area is measured by physical observation with 
the existence of the Transmission Electron Microscope (TEM). The hardness of 
indented material is simply calculated from the ratio of the maximum load, Pmax, 
and the corresponding contact area, Ac.  
However, Oliver and Pharr (1992) pointed out that the unloading curve is non 
linear but it can be best described with a power law. For an elastic contact for many 
indenter geometries, the power law can be written as follows 
mP hα=  (2.1) 
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where P is the indenter load, h is the elastic displacement and α and m are 
constants.  






π π= =  (2.2) 
where S is the contact stiffness and A the contact area.  
The accuracy of this method depends on the measured area of contact which does not 
consider the effect of pile-up and sink-in. Therefore, the predicted elastic Young 
modulus may deviate from the real value if the indented material exhibits a strong 
pile-up or sink-in phenomenon. With the advances of technology in indentation 
equipment, assessing material properties can be made possible at even smaller scales. 
However, it is generally difficult and costly to measure the contact area by 
conventional techniques such as optical microscopy or TEM. Therefore, the 
interpretation of material properties by using only the indentation load-depth curves is 
preferable. The remaining methods of assessing indentation test results derived from 
the indentation load-depth curves will be discussed. 
2.1.2 Representative Strain 
 
Based on computational studies on large-strain finite element analysis for sharp 
indentation on power law hardening materials, Dao et al. (2001) and Chollacoop et al. 
(2003) identified a set of analytical functions that take into account the pile-up or 
sink-in effects. They introduced a representative plastic strain, rε , for each indenter 
geometry as a strain level at which the indentation response is independent of n value. 
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They estimated the representative strains at 3.3% and 5.7% for Berkovich (B142) and 
600 cone equivalent pyramidal indenters (C60), respectively.  
 
The concept of representative strain was originally introduced to interpret cone 
hardness by Atkins and Tabor (1965). The concept was then extended to deduce 
elasto-plastic material properties from various sharp indenter tip geometries (Dao et 
al., 2001; Cao et al., 2005; Ogasawara et al., 2005; Cao and Huber, 2006; Ogasawara 
et al., 2006) and also applied to spherical indentations (Cao and Lu, 2004; Zhao et al., 
2006b; Cao et al., 2007). 
 
From a mathematical point of view, a representative strain is used to reduce the 
number of unknown variables such that the dimensionless functions are independent 
of the strain hardening value, n. By adopting a representative stress, dimensionless 
functions can be derived. However, the representative stress is a complicated function 
of a representative strain and material properties (E*, Y, n).  To utilize the 
representative strain concept in the reverse analysis, several non linear equations must 
be solved (Bucaille et al., 2003; Cao et al., 2005; Zhao et al., 2006b). Moreover, the 
dimensionless functions are not totally independent of n value for spherical 
indentation as reported by Zhao et al. (2006b). 
 
2.1.3 Neural Networks  
 
Neural networks have become popular for solving complex inverse problems in 
computational mechanics including those in indentation tests. Neural network was 
initially used to carry out information processing by McCulloch and Pitts (1943).  
 
In this study, the prediction of material properties by indentation tests (reverse 
analysis) was computationally carried out by using neural networks. Neural networks 
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require a pair of input and output data for training, tuning and validation processes. 
The forward analysis can provide the required data by predicting indentation curves 
for various elasto-plastic material properties. The indentation parameters were 
determined from these indentation curves. Relationship between indentation 
parameters and characteristics of material properties was calibrated numerically via 
neural networks.  
 
2.1.3.1 Artificial Neural Network (ANN) 
An artificial neural network is a computational model comprising of a collection of 
artificial neurons. ANN can be used to model complex relationship between inputs 
and outputs through different connections with adjusted weights. It is not necessary to 
know exactly how those functions interact with each other before applying an ANN. 
Consequently, ANN models can be established more quickly based on training and 
validation processes of datasets.   
 
Traditional artificial neural networks are constructed around the empirical risk 
minimization (ERM) principle, where the empirical risk Remp defined in Eq. (2.3) is to 
be minimised. 
1




R f L f x y
m =
= ∑                                       (2.3) 
In Eq.(2.3), xi and yi represent the data-sets of the training inputs and the training 
outputs respectively, f is the transfer function and L is an appropriate loss function.  
Artificial neural network is an information processing paradigm comprising simple 
elements called neurons that are operating in parallel.  Inspired by the way the 
biological nervous system operate, the network function is determined largely by the 
connections between the neurons.  Learning occurs by means of algorithms designed 
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to minimise the mean square error (MSE) between the network output and the target 
output.  The mean square error is the default performance indicator of the network 
adopted in the present study.   
 
Figure 2.2 Schematic illustration of neural network model 
 
 
A simple neural network has an input, a transfer function and an output as illustrated 
in Figure 2.2. Each scalar input, p, is multiplied by a scalar weight, w. The transfer 
function produces the output, a, based on the weighted inputs, wp. Here f is a transfer 
function which is typically a steep function or a sigmoid function, that takes weighted 
inputs and produces the output, a.  Various transfer functions are available in the 
Neural Network Toolbox in the Matlab 6.5 package. Three most commonly used 
transfer functions are shown in Figure 2.3. The hard limit transfer function has 
outputs ranging from 0 to 1. The linear transfer functions are used as linear 
approximators. The sigmoid transfer function can take the input, which can have any 
value between plus and minus infinity and generates the output in the range of 0 to 1.  
               
Figure 2.3 Most commonly used transfer functions (a) hard limit (b) Linear (c) Log-
sigmoid transfer functions (Demuth et al., 2008) 
(a) (b) (c) 




Figure 2.4 A feedforward network with one hidden layer (Demuth et al., 2008) 
 
The back-propagation multilayer feed-forward neural network was adopted for 
reverse analysis in the present study. The neural network consists of 3 layers, namely, 
(i) an input (ii) a hidden and (iii) an output layers. During the training or learning 
process, the network is adjusted by changing the connection strengths (weights) and 
biases in the hidden layer in order to minimise the MSE. The tangent sigmoid transfer 
function and the linear transfer function were adopted for the hidden layer and the 
output layer respectively. The number of indentation parameters in input and output 
determines the number of neurons required in the model. The optimal number of 
neurons in the hidden layer is obtained via the training and validation processes.  
 
2.1.3.2 Least Square Support Vector Machine (SVM) 
A relatively new learning method for classification or recognizing tasks in reverse 
analysis problems is the support vector machine (SVM). This approach is motivated 
by results from the statistical learning theory developed by Vapnik (1995). Unlike the 
traditional approach using the empirical risk minimization (ERM) principle adopted in 
an ANN model, SVMs are introduced in the framework of structural minimization 
(SRM).  
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The implementation procedure of the least squares support vector machines (LS-
SVM) schemes (Suykens and Vandewalle, 1999, Suykens et al., 2002; Pelckmans et 
al., 2002) from the structural risk optimization group has been improved to 
incorporate more input information, which are readily available to participate in the 
reverse analysis and to allow the parallel processing during the training process 
resulting in substantial reduction in computing time and effort.  The proposed support 
vector machines (SVMs) are trained and validated based on the simulated finite 
element results.  The characteristics and performances of the neural network model 
are evaluated and discussed. 
 
The Support Vector Machines (SVMs) model, which was employed in the present 
study, is constructed based on the structural risk minimization (SRM) principle 
(Vapnik, 1995) incorporating a regularization term into the risk functional of the 
form: 
1
1[ ] ( ( ), ) [ ]λ φ
=
= +∑N i i
i
R f L f x y f
N
               (2.4) 
 
In Eq.(2.4), xi and yi (input and output respectively) form a set of N data-sets available 
for the network training. L is an appropriate loss function, λ a non-negative 
regularization parameter and φ [f] a pre-selected smoothness functional to model the 
situation. The minimization of the risk functional of Eq.(2.4) implies minimizing the 
combination of both empirical risk and the complexity of the hypothesis space.  This 
is closely related to the basic idea of Vapnik’s SRM principle. 
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In support vector (SV) regression, we first describe a set of linear equations taking the 
form,  
bxwxf +>=< ,)(                (2.5) 
where the symbol <_,_> denotes the dot product, w is the weights and b represents the 
bias.  In the standard support vector regression formulation which utilizes the epsilon 
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=
+ +∑               (2.6) 
subject to the following constraints: 
iii bxwy ξε +≤−><− ,  and      
*, iii ybxw ξε +≤−+><  and 
0, * ≥ii ξξ  
Based on this formulation, the first term of the cost functional in expression (2.6), 
2|||| w  i.,e. the norm of the weights, represents the complexity of the function, while 
the second term, iξ + *iξ , represents the epsilon insensitive error of the function.  The 
constant k, which is related to the regularization parameter, λ, is introduced for the 
trade-off of the flatness of function f and the deviations larger than ε to be tolerated.  
In an ε-SV regression, we do not care about errors as long as they are less than ε, but 
will not accept deviations larger than this.  The slack variables iξ  and *iξ  have to be 
introduced in the formulation as the convex optimization problem may not always be 
feasible if they are excluded. 
 
By pre-processing the training patterns xi by a map F→ΧΦ : into some feature 
space F, and then applying the standard SV regression algorithm, the application of 
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support vector machines can be extended from linear to non-linear regression.  This is 
generally done by implicitly mapping the inputs via reproducing kernels.  For our 
work, we have decided to use the radial basis function as the kernel for transforming 
our inputs into high dimensional space. 
 
Since we are not concerned with obtaining ε-insensitive errors, we have decided to 
utilize the least squares support vector machine (LS-SVM) which is a variant of the 
standard support vector machine. The LS-SVM was proposed by Suykens et al. 













1 ξ             (2.7) 
such that iii bxwy ξ=−><− ,  
In this case, C>0 is the regularization factor and iξ  is the difference between the 
output yi and f(xi). This problem can be solved effectively by using the conjugate 
gradient method. Pelckmans et al. (2002) have posted the least squares support vector 
machines software employed at the following website:  
http://www.esat.kuleuven.ac.be/sista/lssvmlab/toolbox.html.  
 
2.2 Effect of Friction in Indentation Tests 
Cai (1993) conducted indentation experiments and finite element simulations to study 
the presence of friction in indentation hardness testing. Both lubricated and 
nonlubricated diamond pyramidal indenters (1360) were applied into the annealed 
samples. Numerical indentation tests for steel by a wedge-shaped indenter with the 
half angle of 600 were  also conducted via finite element analysis employing friction 
coefficients of 0.1, 0.2 and 0.3. Cai concluded that the frictional effect can be 
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neglected in a practical hardness test, but when the angle of indenter decreases the 
friction between the contact surfaces plays a significant effect in the indentation test.  
 
Bucaille et al. (2003) studied the effect of friction between the indenter and the 
material being tested for conical indenters with different half-angles (42.30, 500, 600). 
They showed that friction has a more pronounced effect on the normal force measured 
on indenter tips with included half angles lower than 600. The use of the second 
indenter with different apex angles improves the accuracy in assessing the strain-
hardening exponent of materials. They concluded that better accuracy can be achieved 
by using a sharper indenter. 
 
Effect of friction in calculation of hardness values has also been studied by Tan and 
Shen (2005). They examined the relationship between indentation hardness and 
overall yield strength of multilayered materials by performing finite element 
simulations of indentation with a conical indenter which has a half-apex angle of 
70.30. From the simulations, they pointed out that the effect of friction on contact 
surfaces plays a significant role in the calculation of the hardness of metallic 
multilayered composites. 
 
Another study on the effect of friction was repeated by Mata and Alcala (2004). They 
carried out finite element simulations of indentation by a rigid conical tip with a half-
apex angle of 70.30. Coulomb friction model was adopted in their analysis. Based on 
96 simulations for strain hardening materials, they concluded that the actual friction 
coefficient has to be considered in the assessment of mechanical properties of 
materials exhibiting considerable piling-up effects. 
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Tsou et al. (2004) presented several nanoindentation experimental results on thin 
films to demonstrate the existence of the friction force between the tip of the indenter 
and the test sample.  Berkovich indenter tip was used to study the effect of sliding 
friction on thin film property measurement. They observed that the friction force 
effect is influenced by the indentation depth. In summary, they concluded that the 
neglect of the frictional effect may lead to significant errors in predicting the elastic 
modulus of thin films from indentation tests.     
 
Cai (1993) and Bucaille et al. (2003) concluded that the frictional effect can be 
neglected if indenter tips with the included half-angles larger than 600. They pointed 
out that the effect of friction depends on the angle of the indenter tip. While Tan and 
Shen (2005) recommended that the friction between the indenter and the specimen 
surface has to be considered when determining the hardness of metallic multilayered 
composites. Similarly, Mata and Alcala (2004) and Tsou et al. (2004) agreed that 
friction plays an important role in extracting material properties from the indentation 
test especially for material exhibiting piling-up effects. Different conclusions reported 
by researchers demonstrated that the effect of friction on the indentation test is indeed 
inconclusive. Bucaille et al. (2003) studied the evolution of the normal force as 
function of included angle and friction based on an analytical model proposed by 
Tabor (1951), as illustrated in Figure 2.5. 








Figure 2.5 Schematic drawing of forces acting on indentation surfaces 
(Bucaille et al., 2003)   
 
 
The contact pressure, p , is assumed to be constant at the interface, independent of the 
shape of the indenter. Friction between the indenter and material surface is modelled 
with a Coulomb’s friction, μ . The normal force F can thus be evaluated as, 
2 1
tanc
F pR μπ θ
⎛ ⎞= +⎜ ⎟⎝ ⎠  (2.8) 
The ratio of the normal force considering effect of friction, F, and the normal force 








⎛ ⎞= +⎜ ⎟⎝ ⎠  (2.9) 
Bucaille et al. (2003) proposed that the normal force is a function of the included 
angle of the indenter and friction. Assuming the coefficient friction to be constant, the 
indentation load increases with decreasing indenter tip angle.  
 
2.3 Size Effect in Indentation Tests 
2.3.1  Description of Size Effect 
 
Materials deformed non-uniformly into the plastic range have shown remarkable 
strengthening effects when the material length scale and deformation length scale are 
of the same order from about a fraction of a micron to tens of microns.  At this length 
scale, the effects of strain gradient plasticity have more pronounced effect and 
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influence the materials strength. This phenomenon cannot be captured by 
conventional plasticity theories because no material length scale is incorporated in the 
constitutive equation.  
 
Numerous experiments (micro- and nano- indentation tests performed by Nix, 1989; 
Stelmashenko et al., 1993; Atkinson, 1995; Ma and Clarke, 1995; twisting of copper 
wires of micron diameters by Fleck et al., 1994; micro-bend tests studied by Haque 
and Saif, 2003 have shown significant size-dependence effects when the material 
length and deformation length are of the same order at micron and submicron levels. 
Classical plasticity theories are unable to capture these size-dependence effects. Fleck 
et al., 1994 introduced the theory of strain gradient plasticity requiring the C1 finite 
elements or additional higher-order stress and finally leading to greater formulation 
and computational efforts. Gao et al. (1999) and Huang et al. (2000) proposed the 
mechanism-based strain gradient (MSG) plasticity guided by the Taylor dislocation 
concept. Huang et al. (2004) proposed the conventional mechanism-based strain 
gradient (CMSG) plasticity theory confining the strain gradient plasticity in the 
material constitutive equation without involving the higher-order stress components. 
Swaddiwudhipong et al. (2005a, 2006c) adopted the approach to establish C0 
continuity solid and axisymmetic finite elements to simulate Berkovich and conical 
indentation tests at micron and submicron levels. The formulation is derived based on 
the classical continuum plasticity framework by taking into consideration the Taylor 
dislocation model. Higher order variables and consequently higher-order continuity 
conditions are not required and the direct application of conventional plasticity 
algorithms in finite element modelling applies. 
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2.3.2 C0 CMSG Axisymmetric Elements 
 
2.3.2.1 Strain gradient plasticity 
The flow stress of Taylor dislocation model by Huang et al. (2004) can be expressed 
as,  




Ml rb bαμ αμσ σ
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In Eq. (2.10), σy is the yield stress, f(εP) represents the stress and plastic strain relation 
in uni-axial tension, l the material length scale (Fleck and Hutchinson, 1993), pη the 
effective plastic strain gradient, r  the Nye factor (Nye, 1953), M the Taylor factor, b 
the magnitude of Burgers vector, μ the shear modulus and α an empirical constant, 
the value of which varies from 0.2 – 0.5 depending on the material structures. A 
typical value of M = 3.06 and r  = 1.90 were employed as proposed by Bishop and 
Hill (1951) and Arsenlis and Parks (1999) respectively. The values of the material 
length scale are in the order of microns. Equation (2.10) is valid for problem length 
scale above 100nm, which is applicable to most pure metals and metallic alloys where 
material length scale is in the micron range (Swaddiwudhipong et al., 2005a).  
 
The function f(εP) for a power-law hardening solids can be expressed as 







⎛ ⎞= +⎜ ⎟⎜ ⎟⎝ ⎠
 (2.11) 
where N is the plastic work hardening exponent. 
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2.3.2.2  Orthogonal Curvilinear Coordinate System 
Swaddiwudhipong et al. (2006c) derived the effective strain gradient based on the 
total strain and deformation. The strain gradient tensor of third-order,η , can be 
defined as 
= ∇∇η u                                                                                            (2.12) 
 




u= ∑u e                                                                                                                 (2.13) 
where ie~  is the unit vector in i direction. The gradient,∇ , in the orthogonal curvilinear 
coordinate system can be written as 
1 ( )( ) i
i i ih α
∂∇ = ∂∑ e  (2.14) 
where iα  is the orthogonal curvilinear coordinate in i direction and ih  the 
corresponding Lamé coefficient. 
Furthermore, Swaddiwudhipong et al. (2006c) showed that the derivatives of unit 
base vectors can be expressed as, 
1 1i i i
k j
i k k j j
h h
h hα α α
∂ ∂ ∂= − −∂ ∂ ∂
e e e








   (2.16) 
where i , j  ,k  are unequal mutually. The final formulation for the strain gradient 
tensor in the orthogonal curvilinear coordinate system can be expressed as  
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2.3.2.3  Cylindrical Coordinates and Axisymmetric Element 
Based on cylindrical coordinates, the corresponding coordinates, unit vectors, their 
first and second derivatives and Lamé coefficients can be expressed as 
r=1α , θα =2 , z=3α  (2.18) 
 
ree =1~ , θee =2~  , zee =3~  (2.19) 
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1=rh , rh =θ , 1=zh  (2.23) 
 
The following relations are applicable for axisymmetric case, 
 




zr uu  (2.24) 
 
The components of the strain gradient in Eq. (2.17) can be further simplified to  
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while the relations of the strain gradient components can be written as 
 
rrr,rrr uη =   rrz,rrz uη =  (2.34) 
 
zzr,zzr uη =                           zzz,zzz uη =                                                                  (2.35) 
 

















rrr −=== θθθθθθ                                                                                    (2.38) 
 
The deviatoric strain gradient tensor is defined as 
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( )ijk ijk ik jpp jk ipp1η η δ η δ η4′ = − +                                                                           (2.39) 
 
The components of deviatoric strain gradient can be written as 
( ) rrrr rrr r rzz r,rr r,r z,zr2u1 1 1 1 1η η η η u u u2 2 2 2 r rθθ
⎛ ⎞⎛ ⎞′ = − + = − − +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠  (2.40) 
rrz,rrzrrz uηη ==′            zzr,z uηη ==′ zzrzr                                      (2.41) 
( ) ( )rr r r rzz r,r r,rr z,zr2u3 1 3 1 1η η η η η u u u4 4 4 r r 4r rrθθ θ θ θθ ⎛ ⎞′ ′= = − + = − − +⎜ ⎟⎝ ⎠  (2.42) 
( )r zzz r,zr r,z z,zz3 1 3 1 1η η η η η u u u4 4 4 4 rzr zrr rzr zθθ
⎛ ⎞′ ′= = − + = − +⎜ ⎟⎝ ⎠  (2.43) 
( ) rr r z,zr r,rr r,r 2u3 1 3 1 1η η η η η u u u4 4 4 4 r rzz zrz rzz rrr θθ







ηη −==′ rr θθθθ      rz,ur
1
ηη ==′ zz θθθθ                                                            (2.45) 
( ) ( )z zzz r,z r,rz z,zz3 1 3 1 1η η η η η u u u4 4 4 r 4z z z rrθ θ θθ θ θ′ ′= = − + = − +  (2.46) 
( )z z z,zz r,rz r,z1 1 1 1 1η η η η u u u2 2 2 2 rzz zzz zrr θθ
⎛ ⎞′ = − + = − +⎜ ⎟⎝ ⎠  (2.47) 
 
The formulation of C0 axisymmetric element incorporating conventional mechanism-
based strain gradient (CMSG) plasticity is adopted to study size effect in spherical 
indentation tests. Eight-node elements are adopted in the finite element analysis of 
spherical indentation tests.  
 
Based on the isoparametric concept for an eight-node axisymmetric element, the 
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where r , z and u , w  are the coordinates and displacement components in the radial 
direction and along the axisymmetric axis, respectively while g  and h  are the 
corresponding natural coordinates (Swaddiwudhipong et al., 2006c). The shape 
functions, iN ( =i 1 to 8) are well known and can be obtained in any finite element 
textbook. Coordinate transformations can be performed through Jacobian matrix and 






























,                                                                                (2.51) 
The strain vector { }ε can be expressed as  
{ } [ ]{ }Tu u w u w B
r r z z r
ε δ∂ ∂ ∂ ∂⎡ ⎤= + =⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦  (2.52) 
[ ] [ ]1 2 8B B B B= "  (2.53) 






































uδ ,  =i 1 to 8                           (2.55) 
Coordinate transformation can be done through Eq (2.56). 
[ ] [ ] 1,,,, −= JNNNN higiziri                                                                            (2.56) 
Finally, the strain gradients can be derived from the strain vector shown in Eqs. (2.52) 
to (2.55). 
{ } [ ] { }2 2 2 22 2 2, ,1
T
r r
u u u w u w B
r r r r r z z r r
ε δ⎡ ⎤∂ ∂ ∂ ∂ ∂= − + =⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦  (2.57) 






















⎡ ⎤⎢ ⎥⎢ ⎥−= ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
 (2.58) 
The derivatives of strain vector with respect to z  can be similarly derived. According 
to the Chain rule, 
, ,
, , , , ,
i r i r
i rr i rg r i rh r
N Ng hN N g N h
g r h r
∂ ∂∂ ∂= + = +∂ ∂ ∂ ∂  (2.59) 
Hence, 
, ,, , , ,
, ,, , , ,
i rg i rhi rr i rz r z
i zg i zhi zr i zz r z
N NN N g g
N NN N h h
⎡ ⎤⎡ ⎤ ⎡ ⎤= ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦  (2.60) 
Equation (2.60) can be simplified as 
, , , , , , 1( , ) ( , ) ( , )( , )
( , ) ( , ) ( , ) ( , )
i r i z i r i z i r i zN N N N N Ng h J
r z g h r z g h
−∂ ∂ ∂∂= =∂ ∂ ∂ ∂  (2.61) 
Similarly,  
, , , , ,i gg i gr g i gz gN N r N z= +  (2.62) 
, , , , , ,( , ) ( , ) ( , )( , )
( , ) ( , ) ( , ) ( , )
i g i h i g i h i g i hN N N N N Nr z J
g h r z g h r z
∂ ∂ ∂∂= =∂ ∂ ∂ ∂  (2.63) 
Note that 
, ,, , ( , )( , )
( , ) ( , )
T
i g i hi r i z N NN N
g h r z
∂∂ ⎛ ⎞= ⎜ ⎟∂ ∂⎝ ⎠  (2.64) 
 It can be shown that 
, ,, , 1( , )( , )
( , ) ( , )
i g i hi r i z T N NN N J J
r z g h
− −∂∂ =∂ ∂  (2.65) 
The strain and the strain gradient matrices have been derived based on the above 
concept and the expressions implemented in the user subroutine of the finite element 
package ABAQUS (2002). 
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CHAPTER 3 NUMERICAL SIMULATION OF SHARP 
INDENTATION TESTS 
3.1 Indentation Test 
Equipment for performing instrumented indentation test comprises three basic 
components: (i) an indenter of specific geometry mounted to a rigid column, (ii) an 
actuator for applying indentation force and (iii) a sensor for monitoring indentation 
depth.  There are many different geometries and sizes of indenter tips to accommodate 
almost any applications required of by manufacturers. In the present study, two types 
of commonly used geometries, conical and three sided pyramidal tips are adopted.      
A diamond indenter tip is commonly used in an indentation test.   
              
Indentation test procedure is stipulated in ISO 14577-1 (2002). The indentation test is 
a tedious and time-consuming task, especially in the preparation of the surface of the 
specimen to be tested as it is imperative to ensure that indentation depth is 
significantly larger than surface roughness and hence the surface of sample must be 
smooth. In order to get a smooth surface, the specimen has to go through several 
stages of polishing. Other factors such as size effect, non-ideal tip of indenter and 
pile-up and sink-in effects may affect indentation test results. It would be thus 
impractical to conduct indentation tests of many types of materials to establish 
database for reverse analysis. Many researchers relied on finite element analyses to 
accomplish the task as well as to explore certain fundamental issues in indentation 
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3.2 Material Model 
Metallic materials are commonly employed in a variety of structural applications, 
particularly in the defence, transportation, energy, electronics, and process industries. 
These materials are considered in the present study. The stress-strain relationship for 
these materials can be approximated by power law strain-hardening model, as shown 
in Figure 3.1. The uniaxial true stress-true strain relationship can be expressed as,  
Eσ ε=  for  Yσ <                (3.1) 
nRσ ε=  for Yσ ≥                  
nER Y
Y
⎛ ⎞= ⎜ ⎟⎝ ⎠              




Figure 3.1 Stress-strain curve with strain-hardening exponent 
 
 
In Figure 3.1, the linear portion represents the elastic region where Hooke’s law holds 
and the elastic modulus is constant as expressed in Eq.(3.1). The nonlinear curve 
indicates the plastic regime where the strain-hardening occurs. The stress-strain 
relationship in this plastic regime follows the power law strain hardening equation. 
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Elasto-plastic material properties encompassing a domain of E/Y from 10 to 1500 and 
n from 0.025 to 0.6 are considered in this study. This domain covers most metallic, 
alloys and precious metals.    
       
3.3 Characteristic of Load Indentation Curves 
A typical load-indentation curve consists of an application of load followed by an 
unloading sequence during the indentation process. Characteristic of load indentation 
curve depends on the type of materials being tested. A typical response of the 
materials during indentation tests with sharp tips is depicted in Figure 3.2.   
 
 
Figure 3.2 Typical load indentation curve using sharp indenter tip 
 
 
The loading curve follows Kick’s Law which is expressed as, 
2P Ch=                   (3.2) 
where C denotes the loading curvature of indentation test, h the indentation depth and 
P the applied load.  
 
The projected contact area for indenters is proportional to the penetration depth and 
the contact radius expressed as, 
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2A kh=  (3.3) 
where k is a constant for a particular material and an indenter geometry. 
 




= = =  (3.4) 
Eq.(3.4) implies that the average contact pressure remains constant throughout the 
loading process (Tho, 2005). Based on the model derived by Luk et al. (1991), the 
pressure required to expand a cavity from zero radius to a finite radius in an elasto-
plastic material (with power law strain-hardening) remains constant.  
 




⎛ ⎞= ⎜ ⎟⎝ ⎠
 (3.5) 
By combining Eq.(3.4) and Eq.(3.5), the relationship between the curvature loading C 





⎛ ⎞= ⎜ ⎟⎝ ⎠
 (3.6) 
where θ is a half-angle of the indenter.   
 
Similar findings were also presented by Cheng and Cheng (1998,1999) based on 
dimensional analysis. They derived the relationship between indentation work and 
total work done as  
, , ,T U
T
W W Y v n
W Eω
θ− ⎛ ⎞= Π ⎜ ⎟⎝ ⎠  (3.7) 
where WT denotes the area under the loading curve, WU represents the area under the 
unloading curve, ν is the Poisson ratio, and θ the half-angle of the indenter. For 
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particular values of the Poisson ratio and the half-angle of indenter, Eq.(3.7) can be 
written as 
2, , , ,T U R
T T
W W W Yf v n
W W Eθ
θ− ⎛ ⎞= = ⎜ ⎟⎝ ⎠  (3.8) 
 
3.4 Finite Element Modelling  
Owing to the highly nonlinear and complex contact problem at the interface between 
the diamond indenter and the target material, the analytical solution for solving 
indentation response is not readily available. Finite element simulations provides an 
attractive alternative offering several advantages including a comprehensive 
parametric study on indentation simulations. Minimal human efforts are required as 
variation of parameters can be easily handled by computers. 
 
In the present study, simulated indentations are conducted based on large strain-large 
deformation axisymmetric finite element analyses using ABAQUS (2002). Large 
strain and large deformation 2D and 3D finite element analyses are performed to 
simulate the responses of conical and three-sided pyramidal (Berkovich family) 
indentation tests.  In ABAQUS, a contact interface is created to facilitate the contact 
interaction between the indenter and the surface of indented material. The contact 
conditions between two bodies are defined as “master-slave” algorithm in which the 
nodes of the slave surface are not allowed to penetrate into the master surface. The 
indenter as a rigid surface is then assigned as the master surface while the surface of 
the target as represented by line OA (Figure 3.3) is set as the slave surface. The 
default “hard” contact option in ABAQUS is adopted for the normal behaviour at 
contact allowing separation after contact. Both smooth and frictional contacts are 
considered. Coulomb friction is employed at contact surfaces. The stick/slip algorithm 
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employed in the analysis is based on the concept that sliding occurs when the value of 
the shearing stress between the two contact surfaces reaches the maximum allowable 
shearing stress of pμ , when μ is the friction coefficient and p the contact pressure.  
The value of friction coefficient between metallic surfaces and diamond is in the 
range of 0.10 to 0.15 as reported by Tabor (1951). A common constant value of 0.15 
for friction between diamond indenter and metallic materials is used throughout this 
study. 
 
Diamond indenter tips are very hard with modulus of elasticity ranging from 800 GPa 
to 1200 GPa. A value of 1000 GPa is usually adopted in an indentation test with 
Poisson’s ratio of 0.07. Because of the high stiffness of diamond, the indenter is 
usually idealized as a rigid body while the target material is modelled as a deformable 
body. The effect of the indenter elasticity, if required, can be included by replacing 
the actual Young’s modulus, E of the target materials by a reduced Young’s modulus, 





−⎡ ⎤−−= +⎢ ⎥⎣ ⎦
                                 (3.9) 
where E* is the reduced Young’s modulus, iE and iv are the Young’s modulus and 
Poisson’s ratio of the indenter.  
 
The study covered a wide practical range of target material properties of E*/Y from 10 
to 1500 and n from 0.025 to 0.6.  These ranges encompass most if not all metallic 
materials obeying the power law strain-hardening.  A common value of Poisson’s 
ratio of 0.33 is adopted for the target materials. For each indenter, the convergence of 
the mesh and the insensitivity to far-field effect are performed for the following 
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combinations of material properties; E*/Y = 300, n = 0.1; E*/Y = 300, n = 0.5; E*/Y = 
1200, n = 0.1 and E*/Y = 1200, n = 0.5. The mesh is finer in the vicinity of the contact 
region and progressively coarser further away. The above studies on convergence and 
the insensitivity to the far field effect from boundary conditions are carried out to 
ensure the validity of the results. Similar studies for smooth contact surfaces were 
reported earlier by Tho (2005). 
 
3.5 Conical Indenters 
The conical indenter is treated as a rigid body in the finite element simulation while 
the target material is modelled as a deformable body. The finite element model 
comprising 10000 elements of eight-noded quadrilateral axisymmetric elements 
(CAX8) are adopted to simulate indentation tests for conical with a half-included 
angle of 500, while 15625 elements of four-noded axisymmetric quadrilateral 
elements (CAX4) were used for modelling target material for indentation tests 
conducted by conical indenters with a half-included angle of 600 and 70.30. A finer 
mesh is adopted near the contact region and the element size is gradually increased 
further away from the contact region. The convergence of the mesh is verified through 
extensive convergence studies and the mesh used in the analysis is also tested to 
ensure that the results are insensitive to far-field effect. The effect of strain rate and 
temperature are not considered in the present study. This study covers simulated 
indentation tests by conical indenter with a half angle of 50.00, 60.00 and 70.30. For 
ease of reference, conical indenters with a half-angle of 500, 600, and 70.30 are 
designated C50, C60 and C70, respectively. A typical finite element model is given in 
Figure 3.3. The apex of the cone which is denoted by “O” in Figure 3.3 is chosen as 
the reference point. 
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Figure 3.3 Finite element mesh for conical indentation 
 
3.5.1 Boundary Conditions 
 
The following boundary conditions are imposed. Nodes along the axis of symmetry 
(OA) are constrained in the radial direction. Nodes on the bottom surface (AB) are 
constrained in the z direction. The reference point “O” representing the rigid conical 
indenter is constrained to move vertically. The maximum indentation depth is set at 5 
μm. 
 
3.5.2 Far-Field Effects 
 
A semi-infinite boundary condition is expected in indentation experiment involving 
the target material with its dimension significantly larger than the indenter tip. In 
finite element simulations of indentation, it would be neither necessary nor efficient to 
model the exact dimensions of the target materials. However, it is important to ensure 
that the dimensions of target materials are sufficiently large to simulate correctly the 
far-field boundary conditions. The sensitivity of finite element domain size to far-field 
effects depends on the maximum indentation depth and the geometry of indenter.  
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The sensitivity to far-field effects for C50 are carried out by considering three 
different square domain sizes with each dimension ranging from 100μm, 125μm and 
150μm. The sample points in the vicinity of the four corners of practical range of 
material properties of E*/Y = 300, n = 0.1; E*/Y = 300, n = 0.5; E*/Y = 1200, n = 0.1 
and E*/Y = 1200, n = 0.5 are employed. Figures 3.4 and 3.5 show that for C50 and 
C60, the domain size of 100μm is sufficiently large to simulate indentation test with 
insignificant effects of boundary conditions. The domain size of 125μm is required for 
C70 model as depicted in Figure 3.6.   
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Figure 3.4 Indentation curves for different domain sizes for C50 
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Figure 3.5 Indentation curves for different domain sizes for C60 
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Figure 3.6 Indentation curves for different domain sizes for C70 
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3.5.3 Convergence Study 
 
The mesh refinement is biased toward the contact region where a high stress 
concentration expected and gradually increased further away from that region. The 
convergence studies of load-indentation curves are performed for the following four 
combinations of material properties; (E*/Y = 300, n = 0.1); (E*/Y = 300, n = 0.5); 
(E*/Y = 1200, n = 0.1) and (E*/Y = 1200, n = 0.5). Three sets of finite element meshes 
with 5625, 7225 and 10000 CAX8 elements are selected for C50 and four sets of 
5625, 10000, 15625 and 22500 CAX4 elements for C60 and C70. Table 3.1 shows the 
size of the elements near the tip for different meshes adopted in the convergence 
study. To ensure the convergence of results covering a wide range of material 
properties for subsequent analyses, the meshes with 10000 CAX8 elements are 
adopted for C50 while those of 15625 CAX4 elements are suitable for C60 and C70. 
Results of convergence studies depicted in Figures 3.7-3.9 confirm the above 
proposals.   
 
Table 3.1 Characteristics of meshes for conical indentation models 
Indenter Number of elements 
Type of 
element 
Element size near the 
indenter tip (μm) 
5625 CAX8 0.256 
7225 CAX8 0.226 C50 
10000 CAX8 0.116 
 
5625 CAX4 0.339 
10000 CAX4 0.116 
15625 CAX4 0.093 C60 
22500 CAX4 0.077 
 
5625 CAX4 0.250 
10000 CAX4 0.145 
15625 CAX4 0.116 C70 




Chapter 3 Numerical Simulation of Sharp Indentation Tests 
45 













































































Figure 3.7 Convergence study for C50 indenter 

















































































Figure 3.8 Convergence study for C60 indenter 
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Figure 3.9 Convergence study for C70 indenter 
 
 
3.6 Three-sided Pyramidal Indenters 
Another type of geometry of indenter tip used in this study is the three-sided 
pyramidal indenter. The schematic drawing of three-sided pyramidal indenter which 
has a total angle of ( )θ β+ is shown in Figure 3.10. Simulation of indentation using 
three-sided pyramidal indenter involves three-dimensional finite element model and 
hence requires a tedious and time-consuming analysis. An equivalent conical indenter 
is usually modelled based on the premise that both indenters share an identical 
projected area/depth ratio. Berkovich indenter is usually substituted by an equivalent 
conical indenter model with a half angle of 70.30 (Dao et al., 2001; Riester et al., 
2001; Chollacoop et al., 2003). Limited studies have been performed to explore the 
deviations due to this simplification. Equivalency of the two indenter models is not 
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always valid throughout the region of material properties (Swaddiwudhipong et al., 
2006b).  
 
The projected area of contact A for pyramidal indenters can be expressed as a function 
of the depth hp beneath the contact as 
2 23 3 tanpA h θ=                            (3.10) 
where ph is the depth of penetration measured from the edge of the circle or area of 
contact.  The three-sided Berkovich indenter used in indentation test has an included 
face angle of θ = 65.270.  The projected area of a Berkovich indenter can be obtained 
by substituting θ = 65.270 into Eq.(3.10) 
2 224.494 24.5p pA h h= ≈                            (3.11) 
The projected area of contact for conical indenter is given by  
2 2tanpA hπ α=                  (3.12) 
Equating Eq.(3.11) and Eq.(3.12) gives the equivalent cone semiangle α as  
1




⎛ ⎞= ⎜ ⎟⎜ ⎟⎝ ⎠
=
   (3.13)  
The equivalency for the other two pyramidal indenters can also be similarly calculated 
and details are tabulated in Table 3.2. Only one-sixth of the target materials have to be 
considered in 3D model for the pyramidal indenter possessing a three-fold symmetry 
as illustrated by the shaded portion of indenter depicted in Figure 3.10(a). The 
indenter is idealized as a rigid body while the target material is treated as a 
deformable body.  
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                                 (a)        (b) 
Figure 3.10 Schematic drawings of three-sided pyramidal indenters 





Figure 3.11 Schematic 3D model for three-sided pyramidal indenter 
 
 
Table 3.2 Characteristic of pyramidal indenter and its equivalent conical indenter 
Pyramidal Indenter Equivalent Conical indenter 
Name Angle θ Angle β Total Angle Name Angle 
B102 42.820 600 102.80 C50 500 
B123 53.400 69.60 1230 C60 600 
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3.6.1 Boundary Conditions 
 
The following boundary conditions are imposed. Planes AJKH, AILJ and JKL in 
Figure 3.11 are constrained from moving in direction normal to its own plane. “RP” 
representing the reference point for the rigid pyramidal indenter is set to move 
vertically. The final indentation depth is limited to 5 μm.    
 
3.6.2 Far-Field Effects 
 
The sensitivity studies to far-field effects have also been carried out for three-sided 
pyramidal indenters. Three different domain sizes for each indenter as tabulated in 
Table 3.3 are adopted. Figure 3.11 shows the dimensions of AH, HI and AJ and those 
highlighted in bold in Table 3.3 are adopted for subsequent analyses. Figures 3.12-
3.14 show that indentation responses obtained from these domain sizes (in Table 3.3) 
for various material properties are almost identical, implying that the three domains 
considered are sufficiently large.      
 
Table 3.3 Domain sizes for three-sided pyramidal indenters 





 B102-S 72.17 125 100 
B102 B102-M 86.60 150 125 
 B102-L 115.47 200 150 
 B123-S 74 128.17 100 
B123 B123-M 80.83 140 125 
 B123-L 86.60 150 150 
 B142-S 80.83 140 100 
B142 B142-M 86.60 150 125 
 B142-L 115.47 200 150 
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Figure 3.12 Load-indentation curves for different domain sizes of B102 
 







































































Figure 3.13 Load-indentation curves for different domain sizes of B123  
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3.6.3 Convergence Study 
 
Finite element meshes comprising 3584, 2865 and 2842 C3D20 brick elements are 
adopted for B102, B123 and B142, respectively. A finer element is adopted near the 
tip and gradually coarser further away from the contact region. The size of elements 
near the tip for different meshes used in the convergence study is given in Table 3.4. 
Figures 3.15-3.17 show that the mesh refinement does not cause any significant 
changes in indentation curves indicating the mesh convergence has been achieved. 
Some small oscillations are observed in the case of lower values of n. However, they 
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Table 3.4 Characteristics of meshes for pyramidal indentation models 




Element size near the 
indenter tip (μm) 
1428 C3D20 1.136 
2760 C3D20 0.922 
3584 C3D20 0.868 B102 
5054 C3D20 0.737 
 
1547 C3D20 1.054 
2865 C3D20 0.922 
3376 C3D20 0.868 B123 
4774 C3D20 0.432 
 
1608 C3D20 1.363 
2842 C3D20 1.107 
3555 C3D20 1.042 B142 



















































































Figure 3.15 Convergence study for B102 indenter 
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Figure 3.16 Convergence study for B123 indenter 
 

















    




























































Figure 3.17 Convergence study for B142 indenter 
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3.7 Verification of Finite Element Results with Experimental Data 
Dao et al. (2001) conducted microindentation and uniaxial compression tests on 
Al6061 and Al7075, aluminium alloys. Conical indenter tip with a half angle of 70.30 
(designated C70 in the present study) is adopted for simulated indentation tests of 
Al6061 and Al7075.  The stress-strain relationship of such materials can be 
approximated by the power law strain hardening model with E* = 70.2 GPa, Y = 284 
MPa and n =0.08 and E* = 73.4 GPa, Y = 500 MPa and n = 0.122 for Al6061 and 
Al7075 respectively, as reported by Dao et al. (2001).    
 
Figure 3.18 Verification of FE model (C70) with experimental indentation tests  
on Al6061 and Al7075 
 
Figure 3.18 shows the comparison between the current finite element simulation 
results with both experimental data and finite element results reported by Dao et al. 
(2001). The result from C70 finite element model for Al6061 indentation test is in 
good agreement for both experimental and finite element result reported earlier (Dao 
et al., 2001). While the current finite element result for Al7075 shows small deviation 
from experimental data confirming Dao’s FEM result. This deviation is mainly 
because Al7075 does not exactly obey the power law strain-hardening model.  
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Tho (2005) has verified the Berkovich finite element model (B142) for Al6061 
indentation test result. Good agreement between the Berkovich finite element model 
and experimental data was reported.   
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CHAPTER 4 SIMULATED SHARP INDENTATION TEST 
RESULTS 
4.1  Overview  
Simulated indentation tests using 3 conical indenters with different apex angles of 
500, 600 and 70.30 and three-sided pyramidal indenters with different total angles of 
102.80, 1230 and 142.30 were conducted. The analyses cover materials properties with 
a wide range of E*/Y ranging from 10 to 1500 and n ranging from 0.025 to 0.6. Two 
independent parameters, namely, the ratio of curvature to the yield strength (C/Y) and 
the ratio of indentation work done to total work done (WR/WT) can be obtained from 
each load- indentation curve.  
 
4.2 Variation of Characteristics of Load-Indentation Curve 
4.2.1 Conical Indentation 
 
Typical surfaces of C/Y and WR/WT obtained from extensive finite element simulations 
of conical indentation of 500 half angle are illustrated in Figures 4.1-4.2. The surfaces 
of C/Y and WR/WT for other conical tips without and with friction can be found in the 
Appendix A.  Each small circle in Figures 4.1-4.2 represents a numerical data point 
for each combination of material properties.  A total of 2x640 combinations of 
material properties were simulated for each geometry.  The same indentation depth of 
5 microns is adopted in each indentation simulation. Figure 4.1 shows a typical 
variation of C/Y values for conical indentation. The value of C/Y increases when 
material possesses a higher n value. It can be seen that variations of C/Y for n values 
between 0.025 to 0.2 are rather flat. The variation of C/Y is influenced by both 
material properties and apex angle of indenter tip. Figures 4.1-4.2 and Figures A.1-
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A.10 illustrate the variations of C/Y and WR/WT values for conical indentation tests. 
These figures demonstrate that the indenter with the sharpest tip (50 degree) has the 
lowest value of C/Y as the penetration is the easiest. As expected, the values of C/Y 
are higher for those considering friction effect when compared with their counterparts 
without friction.  
 
The ratio WR/WT varies mildly from unity for materials with higher E*/Y and lower n 
values and decreases for materials with lower values of E*/Y. The surfaces are rather 
flat in the majority of the domain of material properties except for lower values of 
E*/Y indicating a larger elastic response. Figure 4.3 shows the comparison of 
indentation responses for materials with low and high E*/Y values. It can be seen that 
materials with lower E*/Y values have more elastic response compared to those with 
higher E*/Y values. The residual indentation depth is less when material experiencing 
a large elastic response. The area of the remaining work done (WR) becomes smaller 
hence the ratio WR/WT is small. Therefore, a large deviation is observed in the WR/WT 





























Figure 4.1 Typical variation of C/Y based on conical indenter of 500 (П1C50) 
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4.2.2 Three-Sided Pyramidal Indentation 
 
Figures 4.4-4.5 illustrate the variation of C/Y and WR/WT of simulated load-
indentation curves via three-sided pyramidal indenters for a total included angle of 
102.80 (B102). A complete figure illustrating the variation of C/Y and WR/WT for 
three-sided pyramidal indentation obtained from simulated indentation test without 
(Tho, 2005) and with friction effect can be found in the Appendix A. Phenomena 

































































Figure 4.5 Variation of WR/WT based on pyramidal indenter B102 (П2B102) 
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4.3  Effect of Friction in Conical Indentation Test 
Effect of friction on indentation loading curvature is illustrated in Figures 4.6-4.8 for 
simulated conical indenters of half-angle of 500, 600 and 70.30 respectively. Frictional 
effect on curvature tested by conical 500 contributes about 4% error in most metallic 
materials with a maximum deviation of 20% for material with the highest E*/Y and 
the lowest n values, as observed in Figure 4.6. Measurement of loading curvature with 
and without friction by conical indenter of 600 gives a deviation of 1.2% for most 
metallic materials with a maximum value of 12%, as illustrated in Figure 4.7. The 
even lower deviation on C/Y value due to friction is observed for conical indenter of 
700 with a maximum value of 6%, and only 0.5% deviation for the majority of 
material properties under consideration. Friction has more influence on the curvature 
of loading curves for materials with lower n and larger E*/Y values. This is mainly 
because this combination of material properties has a larger plastic regime with low 
strain hardening. A maximum of 5% deviation is observed if friction is neglected, as 
shown in Figures 4.6-4.8. This difference of loading curvature influences significantly 
the accuracy of elasto-plastic material properties prediction. If 5% deviation is the 
limit, then the effect of friction has to be considered when data from C50 are used. 
Effect of friction contributes to maximum deviation of 5% for material with strain 
hardening exponent n larger than 0.25 if C60 is employed. Findings also showed that 
load-displacement data from C70 tests without frictional effect can be directly used. 
Bucaille et al. (2003) pointed out that friction has no significant influence on the 
normal force for included angles equal and larger than 600 without mentioning the 
type of material being tested. It is observed from Figures 4.7 and 4.8 that this 
conclusion is only valid for materials having plasticity n greater than 0.2. The current 
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study supports the conclusion presented by Mata and Alcala (2004) that the curvature 
of loading curve is rather insensitive to friction for a wide range of solids. 
 
The surfaces showing the percentage difference of WR/WT due to friction are depicted 
in Figures 4.9-4.11 for C50, C60 and C70 respectively. It is apparent that the surfaces 
are practically a zero horizontal plane. A smaller than 5% deviations of the results is 
observed at lower values of E*/Y. Therefore, if WR/WT is of interest, the use of the 




















































































Figure 4.7 Difference of loading curvatures with and without friction for C60 
 








































































































































Figure 4.10 Difference of work-done ratio with and without friction for C60 
 















































Figure 4.11 Difference of work-done ratio with and without friction for C70 
 
4.4 Effect of Friction in Three-Sided Pyramidal Indentation 
Both indentation simulations with and without the frictional coefficient are also 
carried out using three-sided pyramidal indenters. In this study, three different angles 
of three-sided pyramidal (B102, B123 and B142) are considered to study the effect of 
friction on the loading curvature and the ratio of work done of load-displacement 
curves. Surfaces illustrating the percentage difference of curvature due to friction are 
displayed in Figures 4.12-4.14 for B102, B123 and B142 respectively. While those of 
the ratio of work done are depicted in Figures 4.15-4.17.  
 
At least 2% error in the most of domain and maximum of 12% error can be observed 
in the curvature of B102 indenter if the friction effect is not considered in the analysis, 
as shown in Figure 4.12. Figure 4.13 shows that the percentage difference of 
curvature B123 due to effect of friction varies from 0.7% to 12%. A maximum 
deviation of 7% is observed in indentation of material properties with larger E*/Y and 
lower n using B142 indenter, as shown in Figure 4.14.     
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Findings show that simulated indentation tests by all three indenters for materials with 
larger E*/Y and lower n values are larger than 5% deviation.  The results imply that 
frictional effect in indentation test should be taken into account not only for indenters 
with included angle lower than 600 but also indentation test of materials possessing 
higher E*/Y and lower n values. On the other hand, the ratios of work done are less 






















































































Figure 4.13 Difference of loading curvatures with and without friction for B123 







































































































































Figure 4.16 Difference of work-done ratio with and without friction for B123 
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CHAPTER 5 REVERSE ANALYSIS VIA NEURAL NETWORKS 
BASED ON SHARP INDENTER TIP RESULTS 
5.1 Surfaces Describing Characteristic of Load-Indentation Curves 
and Material Properties 
The two frameworks in material characterization are (i) forward analysis and (ii) 
reverse algorithm. The former enables the prediction of load-indentation (P/h) curve 
when the elasto-plastic properties are provided as input. The curvature of loading (C) 
and the ratio of indentation work done to total work done (WR/WT) can thus be 
determined. The latter involves reverse analysis scheme which extracts the material 
properties (E*, Y, n) from the indentation load-displacement curves. It has been 
shown by Tho et al. (2004b) and Swaddiwudhipong et al. (2005c) that the reverse 
analysis based on results from just one indenter is insufficient to provide a unique set 
of solutions for E*/Y and n and the P/h curves from at least dual indenters of different 
geometries are required. Cheng and Cheng (1998,1999) via dimensional analysis 
showed that the relationships between load-displacement parameters and the elasto-
plastic material properties for sharp indenter tip can be expressed as 
1,
* ,C Ef n
Y Yθθ






















⎛ ⎞⎜ ⎟ ⎛ ⎞⎝ ⎠= = ⎜ ⎟⎛ ⎞ ⎝ ⎠⎜ ⎟⎝ ⎠
 (5.3) 
where θ  indicates the type and geometry of the indenters considered. 
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The surfaces describing Eqs. (5.1) and (5.2) for various geometries of sharp indenter 
tips are depicted in Figures 4.1-4.2 and Figures A.1-A.20. Various surfaces 
corresponding to expression in Eq.(5.3) are shown in Figures 5.1-5.6. The solution to 
the problem is obtained from the point of intersection between the surface points 
defined by Eqs.(5.1-5.3). Manual processing of solutions for this highly nonlinear 
problem is either impossible or tedious. An appropriate approach seems to be the 
implementation of neural network. Two neural network models, namely, the Artificial 
Neural Network (ANN) representing the Empirical Risk Minimization (ERM) and the 
Least Square Support Vector Machine (LS-SVM) involving Structural Risk 
Minimization (SRM) approach are adopted in the study.  
 
It has been shown earlier that the relationship between load-indentation parameters 
and the elasto-plastic material properties can be generally expressed as in Eqs.(5.1-
5.3). For any dual indenter tips denoting by θ1 and θ2, Eqs. (5.1) and (5.2) can be 




























⎛ ⎞= Π ⎜ ⎟⎝ ⎠  (5.7)
 
Extensive finite element analyses to simulate indentation processes using indenters 
with various tip geometries are carried out to construct the database for reverse 
analysis of dual indenters. Reverse analysis can then be performed based on the 
combination of various load-displacement curves from at least 2 indenters. In the 
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present study, two datasets of simulated indentation tests of C50, C60 and C70 and 
those of B102, B123 and B142 are utilised as an input to perform reverse analysis 
based on an improved algorithm artificial neural network model (ANN) and support 
vector machine (SVM). Different combinations of data such as a set of simulated 
conical indentation and a set of simulated three-sided pyramidal are also applicable 
(Harsono et al., 2006). The ability of ANN and SVM models to predict the elasto-
plastic materials is examined against both the experimental and the simulated finite 
element results. 
 
By adopting two sets of data from different geometry indenter tips, 1θ and 2θ , four 
functions can be derived from Eq. (5.4)-(5.7). The surfaces denoted by the functions 
1C 2C 1B 2B, , ,Π Π Π Π  as shown in Figures 4.1-4.2 and Figures A.1-A.20 illustrate the 
variations of C/Y and WR/WT with respect to E*/Y and n for simulated conical 
indentation and those of three-sided pyramidal indentation respectively.   
 
The third function relating the two curvatures of different geometries of indenter can 








Π= = ΠΠ  (5.8) 
Figures 5.1-5.6 show the variations of the curvature ratio of dual indenters described 
by the surface 3Π  for combinations of conical indenter tips and those of three-sided 
pyramidal indenter tips. 
























































































Figure 5.3 Variation of C70/C50 based on dual indenters (П3C70/C50) 



















































































































Figure 5.6 Variation of CB142/CB123 based on dual indenters (П3B142/B123) 
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5.2 Indentation Parameters for Various Material Properties 
Several material properties listed in Table 5.1 or 5.2 are used to verify the proposed 
algorithms developed based on artificial neural network (ANN) and support vector 
machine (SVM). Indentation simulations are conducted for both conical indenter tips 
with various apex angles from 500 to 70.30 and three-sided pyramidal indenters with 
total included angles from 1020 to 142.30. The corresponding indentation parameters 
are identified from load-displacement indentation curves. Tables 5.1 and 5.2 show the 
indentation parameter values for various conical indenter and three-sided pyramidal 
indenter tips, respectively. 
 
Table 5.1 Indentation parameters obtained from forward analyses for conical 
indenters 
Material Properties Indentation parameters from forward analyses 
E* Y n C50 C60 C70 Materials 
(GPa) (MPa)  C/Y WR/WT C/Y WR/WT C/Y WR/WT 
Al6061 70.2 284 0.080 21.22 0.958 44.27 0.939 101.40 0.906 
Al7075 73.4 500 0.122 21.78 0.926 41.65 0.896 91.53 0.848 
Steel 194.3 500 0.100 25.10 0.969 50.65 0.956 117.62 0.933 
Iron 170.8 300 0.250 44.36 0.960 84.03 0.945 185.17 0.922 
 
 
Table 5.2 Indentation parameters obtained from forward analyses for three-sided 
pyramidal indenters 
Indentation parameters from forward analyses 
B102 B123 B142 Materials 
C/Y WR/WT C/Y WR/WT C/Y WR/WT 
Al6061 16.05 0.960 42.44 0.940 100.71 0.908 
Al7075 17.21 0.930 41.30 0.899 92.53 0.848 
Steel 18.10 0.970 48.64 0.956 116.39 0.934 
Iron 36.04 0.960 84.33 0.946 186.43 0.923 
 
 
5.3 Artificial Neural Network  
5.3.1 Model Definition 
 
Data obtained from the simulated load-indentation curves based on extensive 3 
dimensional finite element analyses described by the displayed surfaces 1 2,Π Π  and 
3Π  can be mapped directly to the material properties via artificial neural network 
model through function approximation procedure of statistical learning theory 
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(Vapnik, 1995). The neural network model is constructed by using Neural Network 
Toolbox (Matlab V6.5) comprising 3 layers, namely, (i) an input (ii) a hidden and (iii) 
an output layers.  
 
The proposed algorithm of artificial neural network (ANN) model for material 
characterization is illustrated in the flowchart as shown in Figure 5.7.  This algorithm 
is adopted to carry out direct mapping of three input parameters into three output 
parameters. The quantities ( ) ( )
1 21 2
, , / , /R T R TC C W W W Wθ θ θ θ can be obtained directly 
from the indentation load-displacement curve. The problem can be solved by 
searching a combination of * /E Y , 1 /C Yθ or 2 /C Yθ  and n  that satisfy Eqs.(5.6), 
(5.7) and (5.8) simultaneously.  Once a set of 1 2* / , / /E Y C Y or C Yθ θ  and n  is 
found, Y can be evaluated since 1 /C Yθ or 2 /C Yθ  is already known. Moreover, E* can 
thus be evaluated from ratio E*/Y since Y is known. The actual value of Young’s 
modulus, E, can be calculated through Eq.(3.9). Only one artificial neural network 
model is constructed for reverse analysis of indentation results which is more efficient 
compared to earlier work (Tho et al., 2004a).  
 
The number of parameters in input or output layer dictates the number of neurons 
required in each corresponding layer. The data for training and validation of neural 
network are obtained numerically through extensive finite element analyses covering 
a domain of E*/Y from 10 to 1500 and n varying from 0.025 to 0.6. 80% of data 
points are randomly chosen to be used in the training of the neural network model 
while the remaining 20% is used to validate the model. The optimal number of 
neurons in the hidden layer of the proposed neural network model based on the 
training and validation processes of the data is usually about 20-30 neurons. The 
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Levenberg-Marquardt training algorithm is used for the training of the Artificial 
Neural Network model. The Mean Square Error (MSE) of the network outputs and the 
target values is used as the network performance indicator. The network performances 
based on the validation datasets of B123/B142 are displayed in Figures 5.8-5.10. The 
mean square errors (MSE) of the training and validation processes for various 
combinations are given in Table 5.3.  
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Figure 5.8 Performance of ANN for C/Y based on B123/B142 datasets 
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Figure 5.10 Performance of ANN for n  based on B123/B142 datasets 
 
 
Table 5.3 Characteristic of ANN 
Mean Square Error 
Combinations 
Number of 
neurons in the 
hidden layer 
Training Validation 
C50/C60 25 6.08 x 10-9 3.15 x 10-8 
C50/C70 20 1.74 x 10-8 5.24 x 10-8 
C60/C70 30 1.78 x 10-8 5.55 x 10-8 
B102/B123 25 1.42 x 10-9 1.46 x 10-8 
B102/B142 20 1.75 x 10-9 4.84 x 10-9 
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5.3.2  Results and Discussions 
 
5.3.2.1 Prediction of material properties based on experimental data 
The tuned neural network model based on the algorithm in Figure 5.7 is then adopted 
to predict the mechanical properties of Al6061 and Al7075 and the results are 
compared with the values based on the indentation tests of Al6061 and Al7075 using 
a Berkovich indenter and a conical indenter with a 60.00 half-angle which was 
conducted earlier by Chollacoop et al. (2003). The data reported (Chollacoop et al., 
2003) on the characteristics of the load-indentation curves associated with the latter 
(conical indenter) are converted to the corresponding values for the equivalent three-
sided pyramidal indenter based on the study carried out by Swaddiwudhipong et al. 
(2006b) and thus enabling the application of the proposed neural network models.   
 
Table 5.4 Load-indentation characteristics of Al6061 and Al7075 
Berkovich indenter 600 equivalent indenter Material CB142 (GPa) (WR/WT)B142 CC60 (GPa) (WR/WT)C60 
Al6061 27.4 0.896 10.8 (11.27) 
0.946 
(0.941) 
Al7075 42.7 0.835 17.5 (17.6) 
0.909 
(0.904) 
                   ( ) Original value from conical 600 indenter (Dao et al., 2001) 
 
 
The characteristic values of the load-indentation curves as reported by Chollacoop et 
al. (2003) including those converted via equivalency proposed by Swaddiwudhipong 
et al. (2006b) are tabulated in Table 5.4.  The values are served as input data for the 
neural network model.  The predictions as tabulated in Table 5.5 are compared with 
the values observed by Chollacoop et al. (2003) in the uni-axial compression tests and 
those reported by Dao et al. (2001) based on the Oliver and Pharr method.  From 
Table 5.5, it can be observed that the results obtained from the network model are in 
reasonably good agreement with the experimental and published data for the values of 
E* for both materials, especially when compared with those obtained by the Oliver 
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and Pharr method as reported by Dao et al. (2001). Similarly, the predicted values of 
Y are reasonably accurate. The percentage deviations of the values of n seem to be 
relatively larger at about 20%.   
 
Table 5.5 Comparison with test results 
 Al6061 Al7075 
E* [GPa]   













   
Y [MPa]   







   
n   
Actual 0.080 0.122 
ANN 






5.3.2.2 Prediction of material properties based on simulated input data  
Performances of the network model are also measured through comparison of the 
predicted values with several material properties listed in Tables 5.1 and 5.2 for 
various combinations of indentation database.  Comparison of results as tabulated in 
Tables 5.6 and 5.7 shows excellent agreement. ANN model is able to predict material 
properties accurately. Results from combinations of three-sided pyramidal indenter 
tips are slightly better than those of conical indenter tips.  It should be noted that these 
6 sets of values for 4 different types of materials, discussed in this section, were not 
included in the training and validation process of the neural network model described 
earlier in Section 5.3.1. 
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Table 5.6 Comparison of the predicted material properties obtained from ANNs 
algorithm with inputs for various combinations of conical indenter tips 
Identified Elastic-Plastic Material Properties for ANNs algorithm 
E*   
(% Deviation) 
Y 















































































Table 5.7 Comparison of the predicted material properties obtained from ANNs 
algorithm with inputs for various combinations of three-sided pyramidal indenter tips 
Identified Elastic-Plastic Material Properties for ANNs algorithm 
E*   
(% Deviation) 
Y 















































































5.3.3 Sensitivity Study 
 
The sensitivity study of the reverse analysis is carried out via Monte Carlo method to 
establish the variation of the predicted elasto-plastic material properties due to the 
perturbations of the four main characteristics of the load-indentation curves 
(
1 2 1
, , ( / )R TC C W Wθ θ θ and 2( / )R TW W θ ) from dual indentation tests. In this study, 
combination of three-sided pyramidal indenter with total included angles of 1230 
(B123) and 142.30 (B142) is selected to demonstrate the sensitivity of the proposed 
ANN model.  Chollacoop et al. (2003) observed that the typical experimental scatters 
for curvature of the loading curves, C, and those for the ratio of indentation work-
done to total work-done, WR/WT, are about ±2% and ±1% respectively.  The worst 
situation occurs when the perturbations of the four input parameters are activated 
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simultaneously and the largest deviation at each data-point from the Monte Carlo 
simulation was captured. This worst scenario is adopted in the presentation 
summarized in Table 5.8 and Figures 5.11-5.13. 
 
The sensitivity of the reverse analysis can be observed from the displays of the results 
depicted in Figures 5.11-5.13. The results indicate that the values of Y and n are 
significantly less sensitive to the perturbations of the input parameters than those of 
E*.  The majority of the perturbed values of E*, however, fall below 40% deviation.  
The steep deviations of the values of E* are observed only in the small region where 
the values of E*/Y > 1400 and n close to 0.0.  This corresponds to materials with a 
short elastic regime followed by a very flat plastic portion, which rarely exist 
practically.  A few outputs with large deviations are also noted at the boundary where 
n = 0.6.  This is most likely due to perturbation falling outside the trained domain and 
extrapolation instead of interpolation is activated. The maximum limit of the 
perturbed values of each material mechanical property with 10% confidence for 
perturbation is tabulated in Table 5.8. 
 
Table 5.8 Limits of variation of material properties with 10% confidence 
Material properties E* Y n 
Mean 25.9 0.885 0.0419 
Standard deviation 18.1 0.444 0.0225 
Limit with 10% confidence 60.6 1.89 0.0911 
 






















































































































Figure 5.13 Variation of n to simultaneous perturbation of all four input parameters 
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5.4 Least Square Support Vector Machine  
5.4.1 Model Definition 
 
Three support vector machines codenamed, SVM-1, SVM-2 and SVM-3, are required 
for the reverse analysis based on data from dual indenters of different geometries.  
Only a set of three SVMs instead of two sets of two SVMs each as proposed earlier 
(Swaddiwudhipong et al., 2005b) is necessary and sufficient to provide the direct 
mapping between the characteristics of load-indentation curves and the mechanical 
properties of materials.  The correlations between the data from the surfaces 
13 2
, θΠ Π and 22θΠ to C/Y, E*/Y and n are affected directly through the three SVMs.  
Outputs from the above SVMs and the data described by the surfaces 1 1θΠ  or 1 2θΠ  
provide a unique value of each material property, Y and E*.  The value of E can thus 
be subsequently determined via Eq.(3.9).  The described algorithm is depicted in 
Figure 5.14. 
 
The three least squares support vector machines (LS-SVMs) are constructed using 
LS-SVMlab1.5 toolbox in Matlab 6.5 package (Pelckmans et al., 2002).  In order to 
implement the LS-SVMs effectively, the two control parameters, γ and σ2, are 
evaluated, a priori.  The former,γ, relating to k, is the regularization parameter while 
σ2 is the bandwidth for the radial basis function (RBF) kernel.  The grid-search 
optimization algorithm was adopted by the tunelssvm function to search for a 
predefined domain for the optimal values of γ and σ2 for the minimal associated cost 
function.  The optimal values obtained from the tunelssvm function are reported in 
Table 5.9.   
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The training performances of the three LS-SVMs can be improved when the operation 
of the first two LS-SVMs is carried out in the log scale so as to ensure the same order 
of mean square error (MSE) of the three sets of values of the required outputs.  MSE 
is adopted as the control parameter for accuracy during the training process.  The total 
computing time to tune the current three LS-SVMs which can be carried out in 
parallel is less than 3 hours on a Xeon 3.0 GHz workstation with 2GB RAM.  This is 
a substantial reduction in computing time of about 6-12 hours reported earlier 
(Swaddiwudhipong et al., 2005b). The characteristics of the LS-SVMs are 
summarised in Table 5.9 while their performances based on the validation datasets for 
combination of C60/C70 are illustrated in Figures 5.15-5.17.  As these data-sets have 
not been used in the training process, the displays in these figures demonstrate that the 
proposed LS-SVMs are able to predict the results rather accurately. 
 
3 2 1 2 2Π ,Π ,Πθ θ
1 /C Yθ
2 /C Yθ 2Cθ
1Cθ
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Table 5.9 Characteristics of LS-SVMs 





SVM-1 0.100-0.318 7.75E+3 0.960 
SVM-2 0.025-0.600 1.02E+6 14.943 C60/C70 
SVM-3 0.129-0.290 4.48E+8 411.439 
SVM-1 0.100-0.318 7.43E+3 1.005 
SVM-2 0.025-0.600 1.00E+5 4.709 C50/C60 
SVM-3 0.103-0.262 1.42E+9 650.826 
SVM-1 0.100-0.318 1.74E+4 1.567 
SVM-2 0.025-0.600 1.36E+5 5.472 C50/C70 
SVM-3 0.129-0.290 2.62E+7 71.187 
SVM-1 0.100-0.318 2.18E+4 1.806 
SVM-2 0.025-0.600 7.52E+5 14.071 B102/B123 
SVM-3 0.106-0.264 6.46E+7 160.167 
SVM-1 0.100-0.318 1.10E+4 1.239 
SVM-2 0.025-0.600 3.24E+5 10.464 B102/B142 
SVM-3 0.132-0.292 1.71E+7 51.229 
SVM-1 0.100-0.318 2.20E+4 2.249 
SVM-2 0.025-0.600 1.60E+5 6.614 B123/B142 























Figure 5.15 Performance of SVM-1 for C/Y based on C60/C70 datasets 
 



















































Figure 5.17 Performance of SVM-3 for n based on C60/C70 datasets 
 
 
5.4.2  Results and Discussions 
 
5.4.2.1 Prediction of material properties based on experimental data 
Verification of the results from the proposed neural network model is conducted 
through the comparison with values based on indentation tests on Al6061 and Al7075 
reported by Dao et al. (2001) and Chollacoop et al. (2003). This set of values is not 
included in the training and validation process of the neural network model described 
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earlier in Section 5.4.1.  Dao and his co-workers (Dao et al., 2001, Chollacoop et al., 
2003) conducted and reported the results obtained from the indentation tests on 
Al6061 and Al7075 using a Berkovich (Indenter 1) and a conical indenter with a 
60.0° half-angle (Indenter 2).  The characteristics of the load-indentation curves 
obtained from Berkovich indenter are converted to the corresponding values of 
equivalent conical indenter based on the simulated test results similar to those 
presented in Swaddiwudhipong et al. (2006b).  Both equivalent and original results 
from Berkovich indentation test are presented in Table 5.10.   
 
Table 5.10 Load-indentation characteristics of Al6061 and Al7075 
Indenter 1 Indenter 2 Material C70 (GPa) (WR/WT)C70 C60 (GPa) (WR/WT)C60 
Al6061 27.7  (27.4) 
0.894 
(0.896) 11.27 0.941 
Al7075 40.8  (41.2) 
0.833 
(0.833) 17.60 0.904 
    ( ) Original value from Berkovich indenter (Dao et al., 2001) 
 
 
Table 5.11 Comparison with indentation test results 
 Al6061 Al7075 
E* [GPa]   













   
Y [MPa]   







   
n   








The values from both indenter tests, which were not used earlier in the training and 
validation processes, are adopted as inputs for the reverse analysis using the solution 
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procedure of LS-SVM model for further verification. The predictions obtained from 
the model are compared with the values obtained by the uni-axial compression tests 
and via the Oliver and Pharr method as reported by Dao et al. (2001) in Table 5.11.  
The values obtained show a significantly better agreement for the values of E* for 
Al7075 (-8.13% deviation) and for Al6061 (-5.31% deviation) as compared to 17-
21% deviation via the Oliver and Pharr method (Dao et al., 2001).  The proposed 
neural network model also generates accurate values of Y for both materials.  The 
percentage differences of the predicted and actual values of n are relatively large. The 
predicted results based on the improved scheme of LS-SVMs proposed in this study 
are also more accurate when compared with those presented earlier in 
Swaddiwudhipong et al. (2005b) except for the value of n for Al6061. 
 
5.4.2.2 Prediction of material properties based on simulated input data  
Simulated indentation tests are also carried out based on the typical elasto-plastic 
material properties of four materials listed in Tables 5.1 and 5.2.  The simulated 
results which were included in the earlier training process are presented in Tables 5.1 
and 5.2 for conical indenter tips with various apex angles and three-sided pyramidal 
indenter tips with various total included angles respectively.  Excellent agreement of 
the predicted values of the proposed network model with the actual material 
properties as tabulated in Tables 5.12 and 5.13 is observed for combinations of 
conical and three-sided pyramidal indenter tips.  These values are not used earlier in 










Table 5.12 Comparison of the identified material properties obtained from SVMs 
algorithm for three-sided pyramidal indenters 
Identified Elastic-Plastic Material Properties for SVMs algorithm 
E*   
(% Deviation) 
Y 















































































Table 5.13 Comparison of the identified material properties obtained from SVMs 
algorithm for conical indenters 
Identified Elastic-Plastic Material Properties for SVMs algorithm 
E*   
(% Deviation) 
Y 















































































5.4.3 Sensitivity Study  
 
To assess the robustness of the approach adopted for reverse analysis, the sensitivity 
of the predicted values to the perturbations of the input variables is examined.  The 
Monte Carlo method is employed in the study.  To simulate the worst scenario, all 4 
input parameters are perturbed simultaneously and the maximum deviation at each 
point is recorded. In this study, combination of conical indenter tips with apex angles 
of 600 and 70.30 are used to examine the sensitivity of the proposed SVM model. Two 
sets of perturbation values of (i) 1%, 1%, 0.5% and 0.5% (Level A1) and (ii) 2%, 2%, 
1% and 1% (Level A2) for C60/Y, C70/Y, (WR/WT)C60 and (WR/WT)C70 respectively are 
imposed.  The latter was suggested by Chollacoop et al. (2003) and adopted for 
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sensitivity study of reverse analysis via dual indenter test results by 
Swaddiwudhipong et al. (2005b).  Level A2 perturbation is rather severe for the latter 
2 parameters as the variations of both WR/WT ratios are very mild over almost the 
whole domain as can be observed in Figures A.8 and A.10.  
  
The results from the sensitivity analysis displayed in Figures 5.18-5.23 show that 
though E* is rather sensitive to the perturbation of the characteristic values of load-
indentation curves, the values of Y and n are rather well behaved.  The majority of the 
perturbed values of E* for the perturbation of levels A1 and A2 are below 25% and 
40% deviations respectively.  Most of the steeper deviation of the values of E* occurs 
in the region of high values of E*/Y and n close to 0, implying materials with a short 
elastic regime and very flat plastic behaviour, which are most likely inexistent 
practically.  A few large deviations are also observed at the boundary where n = 0.6.  
The characteristic limits of the variations of the material properties with 10% 
confidence for perturbation of levels A1 and A2 are tabulated in Table 5.14.  The 
values of Y and n are markedly less sensitive to these perturbations as compared to 
those of E* as can be observed from Figures 5.18-5.23 and Table 5.14. 
 
Table 5.14 Limits of variation of material properties with 10% confidence for 
perturbation of levels A1 and A2 
Level of 
perturbation A1 A2 
Material 
properties E* Y n E* Y n 
Mean 9.91    0.0160    0.0109 16.8   0.0435    0.0146 
Standard 
deviation 6.77    0.0247    0.0062 12.4 0.0197    0.0112 
Limit with 10% 
confidence 23.0 0.0509 0.0241 36.7  0.0758    0.0330 
 
































































































































Figure 5.20 Variation of n for perturbation of level A1 
 


























































































































Figure 5.23 Variation of n for perturbation of level A2 
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CHAPTER 6 IMPROVED REVERSE ANALYSIS BASED ON 
SPHERICAL-BERKOVICH INDENTATION TEST RESULTS 
In this chapter, the reverse analysis algorithm based on load-indentation results of 
spherical indenter tips and combinations of spherical and sharp indenter tips are 
discussed. Unlike the loading curves obtained from sharp indentation tests, load-
displacement curves from spherical indentation tests are affected by the ratio of 
radius, R and depth of indentation, h. For certain ratio of h/R, spherical indentation 
curves can be normalized in order to arrive at the same indentation curves for the 
same material properties. The results obtained from spherical indentation tests can be 
used to characterize the undistinguished materials as demonstrated in the later part of 
this chapter.     
 
6.1  Spherical Indentation 
The projected area of contact A for spherical indenters can be expressed as a function 
of the depth hp beneath the contact as 
( )22 p pA Rh hπ= −  (6.1) 
While the projected area of cone indenter is formulated as follows,  
2 2tanpA hπ α=  (6.2) 
The equivalency of projected area if indentation depth is 5 micron will be, 
( )222 2.5 1 tan1 tanph RR αα= → = ++  (6.3) 
Spherical indentation tests are carried out using a commercial finite element program, 
ABAQUS. Finite element simulations cover spherical indentation tests with different 
radii of 6.05, 10 and 22 micron, which are equivalent to conical indentation with apex 
angles of 500, 600 and 70.30 respectively. Two-dimensional axisymmetric finite 
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elements are adopted to model the target materials.  The far field effect and 
convergence study are carried out. The indenter is modelled as a rigid body while the 
target as a deformable body. The maximum depth of indentation is fixed at 5 micron 
in all analyses.  The coefficient of friction of 0.15 is adopted for all spherical 
indentation tests. A typical finite element model for spherical indentation test is 
illustrated in Figure 6.1. A finer mesh is used near the contact region where high 
stress gradient is expected and the element size is gradually coarser elsewhere.   
 
Figure 6.1 Spherical indentation model 
 
 
6.1.1 Far Field Effect 
 
The sensitivity to far-field effects for spherical indentation with various radii of 6.05, 
10 and 22 micron is carried out by considering three different domain sizes of 
100x100, 150x150 and 200x200 micron2. Four sample material properties of E*/Y = 
300, n = 0.1; E*/Y = 300, n = 0.5; E*/Y = 1200, n = 0.1 and E*/Y = 1200, n = 0.5, 
covering a broad ranges of material properties are employed to study the sensitivity to 
far-field effects for each spherical indenter.  
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Figures 6.2-6.4 show the sensitivity to far field effects for each spherical indenter tip. 
The sensitivity study shows that the domain size of 100x100 micron2 is sufficiently 
large to simulate indentation tests using spherical indenter tips with radii of 6.05 and 
10 microns without any significant undesirable effects from boundary conditions. 
While large domain size of 150x150 micron2 is required for spherical indenter tip 
with 22-micron radius.  
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Figure 6.2 Load-indentation curves for various domain sizes of 6.05 micron spherical 
tip 
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Figure 6.3 Load-indentation curves for various domain sizes of 10 micron spherical 
tip 
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Figure 6.4 Load-indentation curves for various domain sizes of 22 micron spherical 
tip 
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6.1.2 Mesh Size and Convergence Study 
 
The convergence study is carried out for all spherical indentation simulations. Three 
different finite element models with different meshes for each spherical indenter tip 
are simulated. A finite element model comprising of 1773, 2331, 3267 and 7287 
CAX8 8-node elements is adopted for spherical indenter tip with the radius of 6.05 
microns. While 1596, 2892, 4376 and 7321 CAX8 elements are employed in a 
100x100 micron2 domain for simulated spherical indentation of 10-micron radius tip. 
A total of 1664, 2224, 4165 and 8121 CAX8 elements are also used for spherical 
indentation of 22-micron radius tip.  Figures 6.5-6.7 demonstrate that all three meshes 
used in each model produce almost similar load-displacement curves. Hence, a total 
of 3267, 4376 and 4165 elements are employed for further finite element analyses to 
simulate the response of material properties under spherical indenter tips of 6.05, 10 
and 22 microns, respectively.    














































































Figure 6.5 Load-indentation curves for various meshes using 6.05 micron spherical tip 
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Figure 6.6 Load-indentation curves for various meshes using 10 micron spherical tip 
 









































































Figure 6.7 Load-indentation curves for various meshes using 22 micron spherical tip 
Chapter 6 Improved Reverse Analysis Based on Spherical-Berkovich Indentation Test 
Results 
97 
6.1.3 Verification of Finite Element Results with Experimental Data 
 
Taljat et al. (1998) conducted spherical indentation tests on three metallic materials: 
A533-B steel, Al-Mg Alloy, and cold-worked copper. Based on the correlated power 
law stress-strain curves, Zhao et al. (2006b) indicated that material properties of 
A533-B and cold-worked copper can be described by elasto-plastic material 
properties with E* = 210 GPa, Y = 400 MPa, n = 0.127 and E* = 70 GPa, Y = 338 
MPa, n = 0.0 respectively. The Poison’s ratio of 0.3 is adopted. The friction 
coefficient of 0.2, as adopted by Taljat et al. (1998), is used in the verification 
analysis. The boundary conditions described earlier are adopted. Figure 6.8 shows the 
comparison between FEM results and the experimental data.  
 
Figure 6.8 Verification of spherical finite element model with available experimental 
data 
 
The results from spherical indentation tests as shown in Figure 6.8 are significantly 
affected by the presence of friction. Figure 6.8 shows the deviation of load-
indentation curves for copper with and without friction is about 5%.    
Chapter 6 Improved Reverse Analysis Based on Spherical-Berkovich Indentation Test 
Results 
98 
6.2 Normalization of Spherical Indentation Curve 
Based on dimensional analysis, a set of dimensionless functions relating indentation 
curve characteristics to elasto-plastic material properties was proposed by Cheng and 
Cheng (2004). Similar approach was also adopted to derive dimensionless functions 
for loading curve of spherical indentation test results (Zhao et al., 2006a). The 






⎛ ⎞= ∏⎜ ⎟⎝ ⎠  (6.4) 
If the ratio of indentation depth and radius of indenter tip, hi/R, is kept constant, then 





⎛ ⎞= ∏ ⎜ ⎟⎝ ⎠   (6.5) 
Unlike the loading curves obtained from sharp indenter tips, load-displacement curves 
from spherical indentation tests vary with the ratio of maximum indentation depth to 
radius of the indenter tip, hmax/R. Spherical indentation curves are normalized based 
on the relationship stated in Eq.(6.5) in order to arrive at the same load-indentation 
curves for the same value of hmax/R despite the use of different indenter tip radius. 
This is achieved via normalizing the indentation load (P) with respect to yield 
strength (Y) and the square of maximum indentation depth ( 2maxh ), while indentation 
depth is normalized with respect to the radius of indenter (R). Figure 6.9 shows the 
response of elasto-plastic material with E*/Y = 300 and n = 0.5 under spherical 
indentation tests employing four different radii of indenter tips for hmax/R of 0.83. The 
normalized curves as depicted in Figure 6.10 demonstrate the validity of the above 
statement. Figures 6.11 and 6.12 show the normalization is also applicable for 
different ratios of hmax/R over a wide range of material properties. 
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Figure 6.9 Spherical curves for different radii of indenter tips, hmax/R = 0.83  
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Figure 6.10 Normalized indentation load-displacement curves for hmax/R = 0.83 
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Figure 6.12 Normalized indentation load-displacement curves for hmax/R = 0.5 
 
 
Similarly, the relationship of the total indentation work and remaining work done can 






⎛ ⎞= ∏ ⎜ ⎟⎝ ⎠  (6.6) 
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where WT and WR are respectively the total and remaining work done. Indentation 
parameters adopted for dual indenters are identified for each indenter tip denoted by 
the subscript R1 or R2. 
 
In the earlier studies (Tho et al., 2004a; Swaddiwudhipong et al., 2005b), the reverse 
analyses have been proposed based on results obtained from simulated indentation 
tests using two sharp indenter tips with different apex angles. Indentation tests using 
different geometries of indenter tips are required to ensure the uniqueness of the 
reverse analysis algorithm results (Tho et al., 2004b). Indentation curve produced by a 
spherical indenter tip at a certain depth is found to be equivalent to the response of a 
conical indenter tip with a certain apex angle (Chen et al., 2007). Figures 6.9 and 6.10 
imply that the same indentation curves for a certain ratio of hmax/R can be generated 
from various spherical indenter tip radius for a given material properties after the 
normalization process. Figures 6.9 and 6.10 also show that indentation results from a 
single spherical tip at different depth can be used for different ratios of hmax/R after the 
normalization process. Therefore, load-displacement curves from a single spherical 
indenter tip at two different depths can accommodate the need of results from dual 
spherical indenter radius tips used in the present study.  
 
6.3 Identification of Spherical Indentation Parameters 
The expressions in Eqs. (6.5) and (6.6) are numerically derived from 640 finite 
element simulations for each spherical indenter tip covering a wide range of elasto-
plastic material properties. Surfaces describing the functions 1Π  and 2Π  for indenter 
tips with radii of 6.05, 10 and 22 microns as shown in Figures 6.13-6.15 illustrate the 
variations of P/Yh2max and WR/WT with respect to E*/Y and n. The surfaces for 
normalized maximum load, P/Yh2max, presented in Figures 6.13-6.15 and surfaces C/Y 
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adopted for sharp indentation tips (Swaddiwudhipong et al., 2006a; 









































































































































































































Figure 6.15 Surfaces describing functions 1,22Π and 2,22Π  
 
The third function relating the ratio of maximum loading of different ratio of hmax/R 
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⎛ ⎞Π ⎜ ⎟ ⎛ ⎞⎝ ⎠= = Π ⎜ ⎟⎛ ⎞ ⎝ ⎠Π ⎜ ⎟⎝ ⎠
 (6.7) 
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Surfaces describing the ratios of P/Yh2max for different indenter tips given by Eq.(6.7) 
are shown in Figures 6.16-6.18 for different combinations of spherical datasets. The 
largest ratios of maximum load for different combinations of spherical indenter tips 





























                  


























































Figure 6.18 Surface describing function 3,22 / 6Π  
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6.4 Reverse Analysis Based on Spherical Indentation Test Results 
Artificial neural networks (ANNs) and support vector machines (SVMs) models are 
constructed to map the characteristics of the indentation curves to the values of the 
material properties. The surfaces describing 2Π and 3Π  as shown in Figures 6.13-6.18 
are used to serve as the training and validating datasets for ANN and SVM models.  
Each surface consists of 640 data points obtained from finite element simulations. 
About 80% of 2x640 data points are randomly selected for the training process and 
the remaining 20% data samples used for validation. Prior to the training, all 
indentation parameters are scaled such that they are of the same order of magnitude. 
Relations of indentation parameters and elasto-plastic material properties are 
calibrated by adjusting the weights (connection strength) of the neural networks. The 
performance indicator of the neural network models is measured by the mean square 
error. Flowcharts illustrating the two models based on results from dual indenter tips 
are depicted in Figures 6.19 and 6.20.  















Figure 6.19 Flowchart for material characterization via ANN based on combinations 
of spherical indentation datasets  
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Figure 6.20 Flowchart for material characterization via SVMs based on combinations 
of spherical indentation datasets 
 
 
Simulated indentation tests using different radii of spherical indenter tips for several 
material properties are conducted. Elasto-plastic material properties (E*, Y, n) and 
indentation parameters (P/h2max, WR/WT) obtained from the normalized spherical 
curves are presented in Table 6.1.  Indentation parameters are fed into neural network 
models based on algorithms depicted in Figures 6.19 and 6.20 to allow recovery of 
elasto-plastic material properties from spherical indentation curves. The material 
properties predicted by the proposed reverse analysis models for several combinations 
of datasets are shown in Tables 6.2 and 6.3 for ANN and SVMs respectively. It is 
noted that the proposed neural networks are able to map the indentation parameters to 
the elasto-plastic material properties accurately. Generally, less than 5% errors are 
observed for both proposed neural network models. The reverse analysis results from 
ANN seem to be marginally better than those from SVMs. However, less 
computational efforts are required to perform the reverse analysis using SVMs when 
compared to ANN. 
 
It seems that the combinations of datasets of S10 and S22, as shown in Tables 6.2 and 
6.3, provide more accurate results for both ANN and SVM models. The tuned neural 
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network models created from datasets of smaller indenter tip of S6 with either of S10 
or S22, produce results with somewhat more deviations than those of other 
combinations. Simulated indentation tests carried out by using the smaller indenter tip 
(S6) introduces more friction affecting the indentation curves. Elements near the 
contact region also suffer greater distortion for the same indentation depth. 
Indentation curves are less smooth and consequently, indentation parameters obtained 
from these curves are less accurate resulting in large errors in the predicted values of 
the elasto-plastic material properties.  
 
The predicted values of Y are more accurate when compared to E* and n values for 
both ANN and SVMs. The percentage errors of n values are large but their absolute 
values of deviation are usually rather small. Less than 2% errors of the predicted 
values of E* are observed for ANN models derived from different combinations of 
datasets. While the deviations of prediction of elasto-plastic based on SVMs model 
could reach a maximum of 5.4% for E* values. The performances of the 2 algorithms 
are, by and large, similar.   
     
 
Table 6.1 Indentation parameters obtained from forward analyses 
Material Properties Indentation parameters from forward analyses 
E* Y n S6 S10 S22 Materials 
(GPa) (MPa)  P6/h2max WR/WT P10/h2max WR/WT P22/h2max WR/WT 
Al6061 72.4 275 0.050 4989 0.981 10485 0.972 27303 0.947 
Al7075 73.4 500 0.122 11035 0.957 22163 0.935 52416 0.888 
Steel 194.3 500 0.100 14516 0.975 23986 0.975 60786 0.955 











Table 6.2 Comparison of identified material properties obtained from ANNs 
algorithm 
Identified Elastic-Plastic Material Properties for ANNs algorithm 
E*  (GPa) 
(% Deviation) 
Y (MPa) 















































































Table 6.3 Comparison of identified material properties obtained from SVMs 
algorithm 
Identified Elastic-Plastic Material Properties for SVMs algorithm 
E*  (GPa) 
(% Deviation) 
Y (MPa) 















































































6.5 The Undistinguished Material Properties 
Indentation tests are widely used to deduce elasto-plastic material properties from 
load-displacement indentation curves. The interpretation of indentation curves is 
based on the well-known indentation techniques utilizing dual or plural sharp indenter 
tips. It is believed that dual or plural indenter tips provides a unique material 
properties for a given load-displacement curve. However, the use of dual or plural 
sharp indenter tips may still fail to ensure the uniqueness of the solutions for a 
material that can have infinite numbers of identical load-displacement curves for a 
given indenter angle even when the tip angle is largely varied.   An example is shown 
in Figure 6.21 for identical load-indentation curves of materials X1 and X2, reported 
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by Chen et al. (2007) to be undistinguishable by conical indenter tips with half angles 
from 600 to 800. 
 
Figure 6.21 Identical indentation response of materials X1 and X2 under conical 
indenter with different apex angle tips from 600 to 800 
 
6.6 Reverse Analysis Based on Spherical-Berkovich Indentation Test 
Results 
It is observed that the ascending part of the load-displacement curves obtained from 
sharp indenter tips are quite different from those obtained from spherical indenter tips. 
For sharp indentation curve, the loading path follows a quadratic expression, which is 
known as Kick’s law, while that of spherical indentation curve may have double 
curvatures. It has been shown earlier that the reverse analysis based on the load-
displacement sharp indentation curves may not be unique for certain material 
properties even when more than one indenter tips are used.  In this section, reverse 
analysis based on combination of Berkovich and spherical indentation test results is 
adopted to characterize the elasto-plastic material properties.    
 
The proposed indentation parameters are identified from the normalized spherical 
indentation curves obtained from spherical indenter tip with radius of 10 microns, as 
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illustrated in Figure 6.14. The maximum loading and the ratio of the remaining 
indentation work and the total work done are two indentation parameters obtained 
from the normalized spherical curves. The other sets of indentation parameters, C/Y 
and WR/WT are obtained from Berkovich indentation curves. 
 
The third function relating the ratio of maximum loading of different ratio of 














⎛ ⎞Π ⎜ ⎟⎝ ⎠Π = ⎛ ⎞Π ⎜ ⎟⎝ ⎠
 (6.8) 
Figure 6.22 illustrates the variations of the ratio of loading curvature of Berkovich 
indentation over the normalized maximum indentation load of 10 micron spherical 
indentation, 3Π . 
 
Figure 6.22 Surface describing function 3Π  
 
 
As the poisson’s ratio,υ , is assumed to be 0.33, the values of three independent 
material variables ( , , )E Y n  have to be determined to characterize the elasto-plastic 
properties of power-law materials. The reverse analysis via the dual spherical-
Berkovich indenters are carried out in the present study to characterize the elasto-
plastic material through an artificial neural network model (ANN) and support vector 
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machines (SVMs). The solution to the problem is the intersection of 
surfaces
10 1422,S 2,B 3, ,Π Π Π . Figures 6.23 and 6.24 illustrate the proposed artificial 
neural network and support vector machine models based on combination of spherical 
and Berkovich indentation datasets respectively. The ANN and SVM algorithm 
models shown in Figures 6.23 and 6.24 are similar. Only one ANN is sufficient to link 
three inputs to three outputs while for SVM algorithm, three SVMs are required. The 
other combinations of indentation datasets can be constructed by changing the input 
and output of indentation parameters used in the reverse analysis algorithm in Figures 
6.23 and 6.24.  




















Figure 6.23 ANN algorithm based on spherical and Berkovich datasets 
 



















Figure 6.24 SVM algorithm based on spherical and Berkovich datasets 
 
The proposed reverse analysis algorithm provides the mapping of three indentation 
parameters to three elasto-plastic material properties. The yield strength Y can be 
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calculated by substituting the ratio of P/h2max or CB142 to the outputs of P/(Yh2max) or 
CB142/Y accordingly. Once Y is known, the elastic modulus can be easily determined 
by the relationship of E*/Y whereas the strain hardening exponent n value is obtained 
directly from the outputs of the algorithm. 
 
In the present study, the optimum number of neurons in the hidden layer is 20. The 
MSE training and MSE validation are 1.29x10-7 and 2.35x10-7, respectively. The 
performance of the proposed method is checked by plotting the predicted validation 
data consisting of randomly chosen 128 data points against the input data. Figure 6.25 
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Figure 6.25 Excellent performances of (a) ANN and (b) SVM in material 
characterization based on validation dataset 
(b) 
(a) 




To further verify the current proposed ANN model, the simulated indentation tests are 
conducted for various materials reported earlier (Tho et al., 2004a) and (Zhao et al., 
2006b). The corresponding indentation parameters are extracted from the load-
displacement indentation curves and the values tabulated in Table 6.4. It should be 
noted that these sets of indentation parameters were not included in the earlier training 
and validation processes of the ANN model. 
 
Table 6.4 Material properties reported by Tho et al. (2004a) and by Zhao et al. 
(2006b)   


















Material Properties reported by Tho et al. (2004a)  
Al6061 72.4 275 0.050 26455 0.919 10485 0.972 
Al7075 73.4 500 0.122 46267 0.848 22163 0.935 
Steel 194.3 500 0.100 58196 0.934 23986 0.975 
Iron 170.8 300 0.250 55930 0.923 27882 0.963 
 
Material Properties studied by Zhao et al. (2006b)  
Steel 210 500 0.1 59131 0.938 24230 0.977 
Iron 180 300 0.25 56941 0.925 28301 0.965 
Al Alloy 70 500 0.122 45492 0.843 21954 0.932 
Ti-6Al-4V 110 830 0.15 76640 0.829 38684 0.921 
A533-B Steel 210 400 0.127 53179 0.944 22349 0.978 
Cold-worked copper 117 338 0.0 30205 0.944 10685 0.982 
 
 
Indentation parameters are fed into the tuned ANN and SVM based on algorithms 
depicted in Figures 6.23 and 6.24 respectively to characterize the indented materials. 
Table 6.5 and 6.6 compare the predicted elasto-plastic material properties obtained 
from both proposed ANN and SVM algorithms and the earlier results (Tho et al., 
2004a) and (Zhao et al., 2006b). Both artificial neural network and support vector 
machine can predict reasonably accurate elasto-plastic material properties. Small 
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deviations of a maximum of about 5% are observed for just a few set of results 
predicted by the proposed method.  It is observed that the performance of ANN is 
slightly better than SVM for this case. However, ANN requires more human effort 
and computational time than SVM. Findings showed that the proposed ANN and 
SVM can predict accurately material properties reported earlier by Zhao et al. 
(2006b). Material properties predicted by Tho et al. (2004a) based on the previous 
ANN algorithm are slightly better than the current predictions. This is most likely due 
to one of parameters in the current algorithms, Pmax/Yh2max, being more sensitive to 
perturbation than the former model.      
 
Table 6.5 Comparison of the predicted material properties based on ANN model  
Identified material properties 
from the proposed reverse analyses 













Material Properties reported by Tho et al. (2004a)   













































Material Properties studied by Zhao et al. (2006b)   


















































































Table 6.6 Comparison of the predicted material properties based on SVM model  
Identified material properties 
from the proposed reverse analyses 













Material Properties reported by Tho et al. (2004a)   













































Material Properties studied by Zhao et al. (2006b)   










































































Further study is also carried out to demonstrate that the proposed method is able to 
predict accurately elasto-plastic properties of materials whose indentation curves are 
almost identical for certain geometries of sharp indenter tips. Capehart and Cheng 
(2003) simulated indentation tests on three different materials using a conical indenter 
tip with a half angle of 70.30. They found that three materials whose material 
properties listed in Table 6.7 have almost identical indentation load-displacement 
curves for conical indenter tip with a half angle of 70.30, as shown in Figure 6.26. 
Recently, Zhao et al. (2006a) demonstrated that these three materials designated as 
C1, C2, C3, can be distinctly characterized by film indentation technique. However, 
the latter may not apply well for more elastic materials with smaller E/Y and larger n 
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values (Zhao et al., 2006a). Furthermore, the technique is only applicable for soft and 
more compliant materials on sufficiently rigid substrate.   
 
Table 6.7 Undistinguishable material properties reported by Capehart and Cheng 
(2003)  and Chen et al. (2007)  















W W  
Undistinguishable material properties reported by Capehart and Cheng (2003)   
C1 212.9 1250 0.3 159589 0.808 91367 0.894 
C2 200.0 2000 0.1 155995 0.808 77724 0.914 
C3 192.6 2340 0.0 153445 0.806 69720 0.924 
Undistinguishable material properties demonstrated by Chen et al. (2007)   
X1 100 872.47 0.0 62829 0.853 26558 0.946 





























Figure 6.26 Three undistinguishable material properties studied by Zhao et al. (2006b)  
 






























In this study, simulated spherical and Berkovich indentation tests are conducted for 
these three materials properties. Simulated Berkovich indentation tests yield almost 
identical curves as observed in conical 70.30. However, the indentation curves of 
these three materials are significantly different when spherical indenter tip is adopted 
as depicted in Figure 6.27. The proposed approach thus offers a promising unique 
solution for characterizing these three materials.     
 
Finally, consider two different materials whose load-indentation curves are identical 
as depicted earlier in Figure 6.21 even when sharp indenter tips of different half 
angles are used. Chen et al. (2007) observed that spherical indentation curves of these 
two materials are different allowing the material properties to be determined from 
spherical indentation tests. Figure 6.28 shows the response of these undistinguishable 
materials under spherical 10 micron tip adopted in this study. 





























Figure 6.28 Response of materials X1 and X2 under spherical indentation 
 
Simulated Berkovich and spherical indentation tests are carried out and the relevant 
indentation curve parameters reported in Table 6.7. These parameters are fed into the 
tuned ANN and SVM models to extract their material properties. Tables 6.8 and 6.9 
show that the proposed ANN and SVM algorithms based on dual spherical-Berkovich 
indentation curves are able to predict rather accurately the properties of these 
materials.   
 
The determination of the material properties of the undistinguishable X1 and X2 
materials is more challenging. It is observed that the predicted values of these 2 
materials are less accurate than those of the three materials identified earlier. 
However, the predictions deviate from the actual values by less than 5%. The 
predicted n value for X1 is quite accurate although the value is extrapolated as it is 
outside the domain covered in the present study.  
 
Figures 6.29 and 6.30 illustrate the uniaxial stress-strain curves and the results 
obtained from the current ANN algorithm for materials C1, C2, C3 (Capehart and 
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Cheng, 2003) and X1 and X2 (Chen et al., 2007) respectively. The reverse analysis 
results describe well the elasto-plastic properties of the materials. Similarly, Figures 
6.31 and 6.32 demonstrate the performance of the proposed SVM to identify materials 
C1, C2, C3 and X1 and X2 respectively. The first three materials can be accurately 
determined while a small deviation is observed for the predicted X1 value, which has 
zero n value. The predicted yield strength value for X1 is higher than the actual 
uniaxial yield stress.    
 
Table 6.8 Comparison of the predicted material properties based on the ANN model 
(Zhao et al., 2006a) 
Comparison of identified material properties 
from the proposed reverse analyses with results found in the literature 































































Table 6.9 Comparison of the predicted material properties based on the SVM model 
(Zhao et al., 2006a) 
Comparison of identified material properties 
from the proposed reverse analyses with results found in the literature 

































































































Figure 6.29 Comparison of the input and the predicted uniaxial stress-strain curves of 

































Figure 6.30 Uniaxial stress-strain curves of X1 and X2 and the predicted values based 
on the current proposed ANN methodology 
 
 






























Figure 6.31 Comparison of the input and the predicted uniaxial stress-strain curves of 
































Figure 6.32 Uniaxial stress-strain curves of X1 and X2 and the predicted values based 
on the current proposed SVM methodology 
 
Figures 6.30 and 6.32 demonstrate the stress-strain relationship for materials X1 and 
X2 and the results from the proposed ANN and SVM models, respectively. Both 
ANN and SVM models can extract reasonably accurate elasto-plastic material 
properties of these two materials based on their Berkovich and spherical indentation 
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responses. The plastic part of the predicted uniaxial stress-strain curve for X1 is 
observed to be slightly lower than the actual curve. This deviation is most likely due 
to the zero value of n that is lying just outside the domain of property values covered 
in the present study.   
 
Sharp indentation loading curve follows a quadratic expression while that of spherical 
indentation is of double curvatures. The use of the combination of 2 distinctly 
different loading curves of sharp and spherical indenter tips enhances the applicability 
and the accuracy of the prediction of elasto-plastic material properties. The accuracy 
of the ANN and SVM models has been demonstrated through several combinations of 
material properties including those undistinguishable materials reported earlier by 
other researchers. Both proposed ANN and SVM models derived from combination of 
simulated spherical and Berkovich indentation datasets serve as a viable reverse 
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CHAPTER 7 EXPERIMENTAL SPHERICAL INDENTATION 
7.1 Overview 
Numerous indentation tests were performed and reported by many researchers 
including Nix (1989), Stelmashenko et al. (1993), Atkinson (1995), and Ma and 
Clarke (1995). Spherical indentation experiments on copper were conducted and 
reported by Lim and Chaudhri (1999a), while the indentation tests on iridium by 
Swadener et al. (2002b) and those on nickel by Spary et al. (2006). In this study, 
indentation tests were conducted on copper and Al7075. Indentation tests were 
designed for different maximum indentation depths of 1200, 1800 and 2500 nm.   
  
7.2 Preparation of Target Materials 
The samples as illustrated in Figure 7.1 are cast in epoxy resin in the form of 
cylinders with diameter of 3 cm and depth of 1cm for ease of handling.  In order to 
prevent distortion of test results due to surface roughness and formation of metal 
oxide at the surface, the samples are first subjected to wet mechanical grinding using 
#500, #2400 and #4000 silicon carbide papers supplied by Struers.  The samples are 
then mechanically polished using 6μm, 3μm and 1μm diamond suspensions followed 
by 0.1μm silica solution using the equipment illustrated in Figure 7.2. 
 
7.3 Indentation Experiments  
Each specimen was indented by a spherical indenter tip with radius of 5μm. The 
indentation tests were performed using MTS Nano XP system shown in Figure 7.3 
available at the Institute of Materials Research and Engineering (IMRE), Singapore.  
The system is able to produce the maximum indentation loads of 500mN with the 
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resolutions of the order of 0,1μN and 0,1nm for the load and displacement 
respectively. Indentation tests using MTS Nano-XP system are fully automated. The 
indenter moves automatically to a new location after each indentation test. 
 
 
Figure 7.1 Specimens for indentation tests 
 
 
Figure 7.2 Equipment for sample preparation 
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Figure 7.3 MTS nanoindenter 
 
In this study, a spherical indenter tip with radius of 5μm was adopted to indent the 
specimen to three different maximum depths from 1200 to 2500nm at loading rate of 
1mN/s. The surfaces of the specimens were scanned before and after each test. Ten 
repetitions were carried out for each maximum indentation load specified above.            
 
7.4 Comparison of Numerical and Experimental Results  
Finite element simulations were conducted to simulate the response of copper and 
Al7075 under a spherical indenter tip at different depths. The strain-gradient plasticity 
theory as derived and implemented in finite element program by Swaddiwudhipong et 
al. (2006c) was incorporated in numerical simulations to capture the size effect 
observed in the experimental results. Material properties for copper are E = 70.1 GPa, 
Y = 500 MPa, n = 0.122 (Dao et al., 2001) and E = 109.2 GPa, Y = 78.4 MPa, n = 0.3 
for Al7075 (Qiu et al., 2003). The values of the Burger vector of 0.25nm for these 
materials as reported by Qiu et al. (2003) and Huang et al. (2006) were adopted in this 
study. The values ofα  in the intrinsic material length formula are required but not 
available in the literature. They were identified to be 1 and 2.3 for copper and Al7075, 
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respectively. The numerical results incorporating the CMSG plasticity theory and the 
load-indentation curve obtained from experiments are plotted in Figures 7.4-7.6 and 

























Figure 7.4  Numerical and test results for copper with a maximum depth of 1200 nm 
 
 
Figures 7.4-7.9 depict the comparison of numerical simulation employing classical 
and CMSG plasticity theory and experimental results for copper and Al7075. 
Classical plasticity solutions deviate significantly from experimental data. On the 
contrary, results from numerical model incorporating CMSG plasticity theory are able 
to predict rather accurately the experimental values. 































































Figure 7.6 Numerical and test results for copper with a maximum depth of 2500 nm 



























































Figure 7.8 Numerical and test results for Al7075 with a maximum depth of 1800 nm 
 





























Figure 7.9 Numerical and test results for Al7075 with a maximum depth of 2500 nm 
 
Small deviations on the loading curve of actual indentation tests are observed. These 
deviations are most likely due to the presence of a thin oxide layer formed on the 
surface of the specimens. As copper oxides are easier to form than those of Al7075 
and hence the oxidation layer of the former is thicker than the latter resulting in more 
loads needed to indent the copper specimen at the beginning of indentation test as 
compared to that of Al7075, as shown in Figures 7.4-7.6. This observation is usually 
less apparent when sharp indenter tips are employed as the oxide layer is mostly cut 
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CHAPTER 8 CONCLUSIONS AND FUTURE WORK  
8.1 Conclusions 
This study investigated the effect of friction on the parameters of the indentation load-
displacement curves for conical and Berkovich indenter tips with various apex angles 
covering a wide range of material properties. Indentation parameters obtained from 
finite element analyses considering smooth contact and friction at the contact surface 
were compared to study the effect of friction in indentation test results. The effect of 
friction was incorporated into finite element analysis by assuming a constant  
coefficient of friction of 0.15 for all materials in the domain of study. It was found 
that the effect of friction depends on apex angle of indenter used. Specifically, 
findings showed that the effect of friction is insignificant for an indentation test 
conducted with indenter tip of apex angle larger than 600. Theoretically, the effect of 
friction is inversely proportional to the tangent of apex angle of indenter tip used, as 
reported by Bucaille et al. (2003). For a fixed value of coefficient of friction, they 
reported that the effect of friction has a more pronounced influence for sharper 
indenter tips. Also, types of the indented material contribute to the deviation of 
indentation parameters due to the friction. This is attributed to the fact that materials 
with lower E*/Y and n values exhibit pile-up effects resulting in the increase of 
contact area between indenter tip and specimen. The frictional force is proportional to 
the actual area of contact and hence the effect of friction is significant for material 
experiencing pile-up effect. However, the variations of the effect of friction for 
various indenter tips were based on assumption that the coefficient of friction, for 
simplification, was 0.15 for all materials under study. Nevertheless, the results of this 
study indicate that the prediction of material properties by indentation tests may 
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deviate from the real values because of the effect of friction for cases in which friction 
governs.  To reduce the deviation, it is recommended that the effect of friction should 
be considered in the analysis for an indenter tip with a half angle of smaller than 600 
and especially for materials exhibiting pile-up effects.  
       
This study also focused on improved reverse analysis methods for prediction of 
material properties from load-displacement indentation curves. Two searching 
methods, artificial neural network (ANN) and support vector machine (SVM), were 
constructed to provide direct mapping of indentation parameters and elasto-plastic 
material properties. Indentation parameters incorporating the effect of friction as 
mentioned earlier were adopted to serve as database for training, tuning and validation 
processes of the proposed neural network models. In this study, the proposed neural 
network models were applied to different combinations of conical and Berkovich 
datasets of various apex angles. The numerical study showed that the tuned ANN and 
SVM are able to predict the mechanical properties of material accurately, based on a 
new set of indentation parameters (not included in the training data) obtained from 
simulated indentation curves. However, Chen et al. (2007) pointed out that some 
materials have the same indentation curves even when the apex angle of indenter tip is 
widely varied. Therefore, results obtained from combinations of conical and 
Berkovich indentation datasets may not be unique for certain groups of materials-the 
so-called ‘mystical’ materials (Chen et al., 2007).   
 
This study also showed that load-displacement indentation curves obtained from a 
spherical indenter tip are quite different from those of a sharp indenter tip. Spherical 
indentation tests were also conducted on the mystical materials. It was found that the 
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load-displacement of these materials were successfully separated. These findings 
inspired us to implement ANN and SVM for spherical indentation datasets. However, 
indentation parameter of loading curve, C/Y, used in sharp indentation curves is not 
applicable to spherical curves. This is mainly because the loading portion of the 
spherical indentation curve does not follow Kick’s law. While sharp indentation 
curves vary with apex angle of indenter tip, spherical indentation curves are 
influenced by the ratio of depth of indentation and radius of indenter tip, hmax/R. 
Therefore, spherical indentation curves have to be normalized before implementing in 
ANN and SVM algorithms. In this study, the prediction of material properties from 
the tuned ANN and SVM models based on a new set of spherical indentation 
parameters is in good agreement with actual input data. Furthermore, ANN and SVM 
were also applied to a crossing combination of Berkovich and spherical indenter tips 
to enhance the capability of neural network models to characterize materials by 
indentation tests. The results showed that ANN and SVM can predict material 
properties successfully, based on this combination of datasets including those 
mystical materials. These results confirm further the capability of ANN and SVM in 
prediction of material properties via instrumented indentation tests without resorting 
to iterative procedures. The proposed ANN and SVM reverse analysis algorithms 
seem promising as alternative methods to characterize materials especially in small-
scale materials such as those in MEMS and NEMS.    
 
Micro-indentation experiments were carried out on Al7075 and copper using a 
spherical indenter tip with radius of 5 μ m. The experimental data demonstrated that 
both materials show a strong size effect when the indentation depth decreases. 
Classical plasticity model is unable to capture this size effect because no intrinsic 
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material length scale is involved in the constitutive equation. In this study, a 
numerical model based on Conventional Mechanism-based Strain Gradient (CMSG) 
theory incorporating Taylor dislocation model through intrinsic material length scale 
was adopted. This numerical model was constructed for axisymmetric elements to 
study the size effect in spherical indentation tests. It was found that the results from 
the numerical model are able to describe rather accurately the size effect phenomena 
in spherical indentation tests on both Al7075 and copper. The results of this study 
indicate that incorporating the effects of strain gradient plasticity in the formulation of 
governing equation is required when the material and characteristic length scales of 
non-uniform plastic deformation are of the same order at micron level.   
 
8.2 Future Work   
The proposed neural network models were constructed based on datasets of material 
properties with E*/Y from 10 to 1500 and n from 0.025 to 0.6. However, this range of 
material properties may not cover all engineering metals and alloys. To further extend 
the applicability of the proposed neural network models, the database should include 
material properties with E*/Y larger than 1500. The range of E*/Y used in numerical 
analysis has excluded some important pure metals and alloys, including gold 
(E/Y=2050), silver (E/Y=1382), copper (E/Y=2067), aluminium (E/Y=1725), tin and 
tin alloys (E/Y = 911 to 7571) (Ogasawara et al., 2005).    
 
Future research is needed to investigate the effect of friction on spherical indentation 
test results. In this study, effect of friction was included in the analysis by assuming 
Coulomb’s friction = 0.15 for all material properties. It was found that effect of 
friction depends on the ratio of indentation depth and the radius of indenter tip used, 
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h/R (Cao and Lu, 2004). The effect of friction on spherical indentation result is 
insignificant for indentation curve obtained from a smaller ratio of h/R. However, the 
size effect problem may arise if h/R is relatively small (Zhao et al., 2006b). To 
minimize the uncertainty due to friction at contact surfaces, a proper ratio of h/R must 
be selected.   
 
In the present study, reverse analysis algorithms were constructed for elasto-plastic 
materials that follow the power law strain hardening.  The proposed neural network 
algorithms can be extended to predict more complex material properties, such as 
polymers and thin films.  A set of dimensionless functions will be required to 
accommodate additional variables in order to describe the behaviour of such 
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APPENDIX A: SURFACES OF INDENTATION PARAMETERS 
FOR SIMULATED SHARP INDENTATION TEST RESULTS 




































































































































































































































































































































Figure A. 10  Variation of WR/WT based on conical indenter of 700 with friction 
(П2C70F) 
 















































































































































































































































































































































Figure A. 20  Variation of WR/WT based on Berkovich indenter with friction (П2B142F)   
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